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PREFACE

This month, we are going to talk about the following questions.

Q1
A unit fraction is a fraction of the form% where n is a positive integer. Note
that the unit fraction % can be written as the sum of two unit fractions in
the following three ways:

11 1 1,1 _ 1 1

71 712 132 T 22 22 132 12°

Are there any other ways of decompos/ngI—II into the sum of two unit
fractions?

In how many ways can we write 5_10 as the sum of two unit fractions?

More generally, in how many ways can the unit fracz‘/on% be written as the
sum of two unit fractions? In other words, how many ordered pairs (a, b) of

positive integers a, b are there for which

1_1,1,
n a b

Q2

Start with a positive integer, then choose a negative integer. We’'ll use these
two numbers to generate a sequence using the following rule: create the
next term in the sequence by adding the previous two. For example, if we

started with 6 and —5, we would get the sequence
6,—5,1,—4,-3,-7,—10,—-17,-27,. ..
N———’
alternating part

which starts with 4 elements that alternate sign before the terms are all

negative. If we started with 3 and —2, we would get the sequence
3,—-2,1,—-1,0,—-1,—-1,—-2,-3, ...
—,—/

A
alternating part

which also starts with 4 elements that alternate sign before the terms are all

non-positive (we don’t count 0 in the alternating part).

(a) Can you find a sequence of this type that starts with 5 elements that
alternate sign? With 10 elements that alternate sign? Can you find a

sequence with any number of elements that alternate sign?
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(b) Given a particular starting integer, what negative number should you
choose to make the alternating part of the sequence as long as possible?
For example, if your sequence started with 8, what negative number would

give the longest alternating part? What if you started with 10?7 With n?

Q3

The tail of a giant hare is attached by a giant rubber band to a stake in the
ground. A flea is sitting on top of the stake eyeing the hare (hungrily). Seeing
the flea, the hare leaps into the air and lands one kilometer from the stake
(with its tail still attached to the stake by the rubber band). The flea does not
give up the chase but leaps into the air and lands on the stretched rubber
band one centimeter from the stake. The giant hare, seeing this, again leaps
into the air and lands another kilometer from the stake (i.e., a total of two
kilometers from the stake). The flea is undaunted and leaps into the air again,
landing on the rubber band one centimeter further along. Once again the
giant hare jumps another kilometer. The flea again leaps bravely into the air
and lands another centimeter along the rubber band. If this continues
indefinitely, will the flea ever catch the hare? (Assume the earth is flat and

continues indefinitely in all directions.)

This is the admission question from 2024 PROMYS Program. If you have
other brilliant ideas, email to anmiciuangray@163.com for surprising
rewards!
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1.
Some Auxiliary Results

Lemma 1.1 Given that

n= plAl o p2A2 o i o pnAn
where p; is a prime number and A; is an integer fori = 1,2,3,---,n,
then the number of factors of n is

A+ (Ag+1)---(Ap+1).

Proof.
Given a factor of n, m, then

m= plBl . szz PR pan
where0<B; <A;,0<By; <A, -,0=<B, <A,

That be said, there are (A;+1) possibilities of p;B1, (Ay+1) possibilities of pyB2, -,

(A,+1) possibilities of p,Bn.
In total, there are

(A1 +1)(Ax+1)--+(Ap+1)
different m.
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Solution

We may find that there are so many different situations if we try all the possibilities
one by one. Thus, it might be easier if we firstly find out the general strategy.
Given that

1. 1.1
a b n
Rearrange,
a+b _ l
ab n’
ab =an + bn.
ab - an - bn + n? = n2,
@@-n)b - n)=n?.
If

n=piA e pyA2 e oo pyiin,
then the number of factors of n? is

(RA1+1)(2A5+1)---(2A,+1).
We notice that, for each factor of n?, assuming that it is (a - n), we could find a
corresponding (b - n), satisfying the equation.

Because
1 1 1

a b n
and a and b are positive, thus, understandably, a and b are bigger than n, resulting

in that (a - n) and (b - n) are positive.
Notice that, for each pair of (a - n) and (b - n), we can get a corresponding (a,b)
satisfying

+

B~

o =
o'l

In conclusion, if

N=piAl epyh2 e oo ppfin,
then there are

(RA1+1)(2A5+1)---(2AL+1)
pairs of (a,b) satisfying

+

Q|-

1
=

o' =

Now we have the general conclusion, and we can use it to resolve some specific
problems.

When n = 11, there are 3 ways of decomposing % into the sum of two unit fractions,
meaning no other ways.

When n = 60, there are 45 ways of decomposing % into the sum of two unit
fractions, since 60 = 22 « 31 « 51,
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2. (a)
Some Auxiliary Results

Lemma 2.1.1 For a sequence with n elements that alternate sign, if n is odd, then
Fno

F
L= p>a=—Lb;
I:"n—3 Fn—1

if n is even, then
Fn—2 Fn
Fos b<a=< o b,
where F,, is the nth term in the Fibonacci sequence(1, 1, 2, 3, 5, 8, ---).
Proof.
We first list the a few terms of the equation to find the pattern.

Assume that both a and b are positive integers.

1st | 2nd | 3rd 4th 5th 6th
term a -b | a-b a-2b 2a-3b 3a-5b
relationship between a and b a>1b |a<2b |a> %b a< %b
. _F _F |3_F S5_Fs
coefficient of b 1= F, 2= F, |2~ F 3 s

Where F,, is the nth term in the Fibonacci sequence.

Obviously, we may find that the coefficient of b in nth term of relationship between a

F

and b(highlighted part) is F“—‘l This can be proved through mathematical induction.
n-2

P,: the coefficient of b in nth term of relationship between a and b(highlighted part)
o Fno1

S Fay

When n = 3 and 4, understandably, P35 and P4 are true.

Now we assume that Py._; and Py are true, the coefficient of b in (k-1)th term is %
k-3

and in kth term is % , then for Py:

The (k-1)th term in sequence is (Fx_3a - Fx_yb), and the kth term is (Fx_2a - Fx_1b),
so the (k+1) th term in sequence is (Fy_;a - Fib), meaning that the coefficient of b in
(k+1)th term is FF—k, so Pr_1 & Py — Pyy;.

k-1

Since P3 and P4 are true and P._; & P — Py, 1, by mathematical induction, the
coefficient of b in nth term of relationship between a and b(highlighted part) is %

Notice that, if there are n elements that alternate sign, meaning that a satisfies the
relationship between a and b of (n-1)th term, but not satisfies the relationship
between a and b of (n+1)th term.

That be said, if n is odd, then

Fn—2 Fn

=pb>a= b;

Fn—3 Fn—l ’
if n is even, then

I:"n—2

Fn
-2 <
5 b<a_F b.

n-3 n-1
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Solution

Again, if we want to find out the answer by trying, it will be a bit too reliant on luck.
Thus, based on general conclusion Lemma 2.1.1, we can find out the specific
answers.

Whenn:5,%b:2b>az%b:%b. If b =3, a =25, the sequence is
2 4
51 _3v 21 _1v 1a Oa 1a 1a o
Fg 21 55 Fio .
Whenn=10,—b==-b<a=<=b=—>b.Ifb=442, a =715, the sequence is
F- 13 34 Fq
715, -442, 273, -169, 104, -65, 39, -26, 13, -13, 0, -13, -13, ---

Similarly, we can use Lemma 2.1.1 to find any sequences with n elements that
alternating sign.
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2.(b)
Solution

After trying several different methods(which you can find in the afterword), | fail to
find out a way that can find out the maximum value of n directly. Thus, | guess
maybe we still need some trials in order to get the maximum value of n.

Rearrange what we conclude in part(a).
If nis odd, then

I:"n—l Fn—3
—2=la = b >2=4;
Fn Fno

if n is even, then

1:n—l Fn—3

F—na <bc< ma.
So, given the value of a, if there exists a sequence, starting with a, with n elements
that alternate sign, there must exist at least one possible value of b.
Recall that b is a positive integer.
In this way, given the value of a, as long as we find out the minimum value of n
which makes corresponding integer b not existed through logic trials, we then could

find the maximum value of n and corresponding b.

We can use the conditions that question mentions to illustrate my method.
Given that a = 8, when n = 6,

Fn1 16 Fn_3
—a = < —= =9
Fna 5<bc< 3 Fn_za,b 5;
whenn=7,
F, 1. 64 21 F,3
—a=—2= —_— =
F a=13= b>= F_,

there’s no integer b satisfying this inequality.

So, maximum value of n is 6, and | should choose -5 as the second term in order to
make the alternating part of the sequence as long as possible.

Given that a =10, when n =5,

Fp_ Fp_
Blg-6=b>5=-2233 b=6;
Fn Fn—2
when n = 6,
Fp1 25 20 F,_ ;3
2la="=sb<== a
Fn 4 3 Fpo ’

there’s no integer b satisfying this inequality.
So, maximum value of n is 5, and | should choose -6 as the second term in order to
make the alternating part of the sequence as long as possible.

Although this method seems like quite complex, in fact, we don’t need to try all the
values of n. We can just try several values of n with some intervals between each
other in order to narrow the range. Moreover, in afterword, method 2, | also provide
you with another way to narrow the range of n.
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Afterword

Here are some methods that | tried before but failed eventually.

Method 1 Euclidean Algorithm
| firstly observed the sequences we got in part(a):
5-32-1,1,0,1,1, -
715, -442, 273, -169, 104, -65, 39, -26, 13, -13, 0, -13, -13, -
Rearrange,
KFy, -kFp_1, ==+, (= )2 2kFy, (= 1) 1kFq, 0, (— 1) 1kFq, (= 1)™1kFy, -
Where K is the greatest common factor of a and b.
So, | thought that, given the value of a, the sequence with the longest alternating
part is just another form of Euclidean Algorithm. So we just need to prove that, in a
the sequence with the longest alternating part, there is always a term of 0 behind the
alternating part.
Whereas, | found my assumption is wrong. Because when a = 5, the sequence with
the longest alternating part is
5,-4,1,-3,-2, -5, -

Method 2 Similar with Solution, Narrow Range Using Mathematical Induction
| re-observed the method we used in part(a).
Rearrange, if n is odd, then

Fp_1Fp_ FoFp_

FFo, 2207 EE

if n is even, then

Fp_1Fp_ FoFp_

FFa, 2= D <FE2
| found that,
Fh1Fno-FpFh3=(- 1)n+1_
This can be proved through mathematical induction.
Assume
Pp:FhaFho-FpFh 3=(- 1)n+1_
Whenn =4, F3F, - F1F, =2-3=-1= (= 1)1 P, is true.
Assume that Py is true:
Fi_1Fy_y - FyFi_3 = (— 1)k,
for Pyyq:
FyFx-1 - Fxt1Fx—2
=(Fx_1 + Fx—2)(Fx - Fx—2) - (Fx + Fx—1 J(Fx-1 - Fx—3)
= FiFi_1 - (Fx—2)? - Fue1Fig + FiFy_p - FiFy_1 + FyFig - (Fio1)? + F_1Fie_3
= (- F_1Fx—p + FyFi_3) + (FiFx_p + Fx1Fie_3 - (Fi_1)? - (Fx—2)?)
= (— 1)¥*2 4 (FxFy_p - Fx_p( Fi - Fioq ) + Fuo1Fr_3 - Fio1(Fy_p + Fr_3))
— (_ 1)k+2_
So Pk e Pk+1.
Since P4 is true and Py — Py, 1, by mathematical induction, we can find that
Fp_1Fp_2 - FoFh_3 = (= 1)™*1 for all positive integers greater or equal to 4.
So now we have have find that, if n is odd, then
1:n—an—Za > b > Fn—an—2 _ 1a.

1:"nFn—2 1:"nFn—2 ’
if n is even, then

Fo_1Fy_ FoFh 3+ 1

n—11n 2a < b < nin-3 a.

FnFn—Z FnFn—Z

Recall that b is an integer.



A Eg AT RBK LN

Since the difference of the upper limit and the lower limit of b is %a, when
nt'n-2
1

1'_"nFn—Z
In that way, we can just start with the value of n which satisfies

a = 1, there must be at least one possible value of b.

a < 1in order

ni'n-2

to find out the maximum value of n quickly.

Method 3 Useless Matrices Transformation Plus Eigenvalues and Eigenvectors

| noticed that, when we find out the value of next term, it just like that we are doing

transformation.

If we use position vector to express them, the sequence
a,-b,a-b,a-2b,2a-3b,3a-5b,:--

will be turned into
a a—-b a—-b 2a—3b 2a—-3b

() = C ) =G o) = Gy 7 Gasp) =
Recall that the sequence start with elements that alternate sign, meaning that a, a -
b, 2a - 3b, --- are positive and -b, a - 2b, 3a - 5b, -:- are negative.
Surprisingly, we find that all the position vectors are in the Fourth Quadrant,
meaning that if one position vector isn’t in the Fourth Quadrant, the corresponding
term isn’t in the initial part, consisting of elements that alternate sign.
Moreover, we can also find the matrices used to represent the transformation
between two position vectors.

11,,a,_,a->b
1(%1)(_1%)—(_})1))
a—-by,_,a-
KEEIgN F o
a—-b,_2a-
(01)(a—2b.)_(a—2b)

In conclusion, the position vector of nth term is

10,,11,10,,11,,2a
U FUS U
(n-1 )Iterms
and we can find when the initial part, consisting of elements that alternate sign, ends
by finding out the corresponding position vector of which term isn’t in the Fourth
Quadrant.
Next, we hope to find the pattern of those position vectors in the process of
transformations by finding out the eigenvalues and eigenvectors of the
transformations. Whereas, disappointingly, shear doesn’t have eigenvalues and
eigenvectors except x-axis or y-axis.
That be said, we cannot simplify the process of transformations but to trace the
position vectors one by one in detail, making this method useless.
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3.
Some Auxiliary Results

Lemma 3.1

Proof.

o 1 2 3 4 5

By finding the lower limit of 21 1% is o, we can prove that

. N 1
A — = 00,
11111}}021=1i

Just like graph, the lower limit of 2?1: 1% is
lim [N ' 2dx = lim[Inx Y +! =
N5 Y1 X N—o

So we are done.

im In(N + 1) = .

Solution

It is hard for us to compare the ‘magnitudes’ of two ‘infinite’s, so it will be useful if
we fix one of them.
If we keep the total rubber band length constant, after the conversion of the length

of movement of flea based on proportion, the flea moves forward %cm on the first
jump, %cm on the second jump, %cm on the third jump... and %cm on the nth jump....

So the total distance that the flea moves is (EN %)cm.

i=1
Based on Lemma 3.1, as long as N is large enough, the flea will move far enough to

reach the destination.






