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(1)BMO1-2006-5
For positive real numbers a, b, c, prove that

(@*+b*)° > (a+b+e)a+b—c)(b+c—a)(c+a—b).
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Let P be an internal point of triangle ABC. The line through P
parallel to AB meets BC at L, the line through P parallel to BC
meets CA at M, and the line through P parallel to C A meets AB at

N. Prove that
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and locate the position of P in triangle ABC when equality holds.
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Let a,b and ¢ be the lengths of the sides of a triangle. Suppose that
ab+bc+ ca =1. Show that (a+1)(b+1)(c+1) < 4.
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Find four prime numbers less than 100 which are factors of 332 — 232,
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Find all functions f, defined on the real numbers and taking real

values, which satisfy the equation f(z)f(y) = f(z + y) + zy for all
real numbers x and y.
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Initially there are m balls in one bag, and n in the other, where m,n >
0. Two different operations are allowed:

a) Remove an equal number of balls from each bag;
b) Double the number of balls in one bag.

Is it always possible to empty both bags after a finite sequence of
operations?

Operation b) is now replaced with

b’) Triple the number of balls in one bag.

Is it now always possible to empty both bags after a finite sequence of
operations?
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Place the following numbers in increasing order of size, and justify
your reasoning:

33" 3%’ 31" 43° and 43",

Note that a®* means a(®).
1',.2
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Determine all functions f(n) from the positive integers to the positive
integers which satisfy the following condition: whenever a, b and c are
positive integers such that 1/a + 1/b = 1/c, then

1/f(a) +1/f(b) = 1/f(c).
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For each positive real number z, we define {z} to be the greater of =
and 1/z, with {1} = 1. Find, with proof, all positive real numbers y

such that
5y{8y}{25y} = 1.
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(2BMO1-2019-6
A function f is called good if it assigns an integer value f(m,n) to every

ordered pair of integers (m,n) in such a way that for every pair of integers
(m,n) we have:

2f(m,n)= f(m—-nn-m)+m+n=f(m+ L,n)+ f(mn+1)-1.

Find all good functions.
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Consider the numbers 1,2,...,n. Find, in terms of n, the largest
integer t such that these numbers can be arranged in a row so that all
consecutive terms differ by at least t.
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Suppose that a sequence fy,t1,%a,... is defined by a formula ¢, =
An* + Bn + C for all integers n > 0. Here A, B and C are real
constants with A # (0. Determine values of A, B and ' which give the
greatest possible number of successive terms of the sequence which
are also successive terms of the Fibonacci sequence. The Fibonacci
sequence is defined by Fy =0, Iy =1 and F,,, = F,—1 + F,;,—9 for
m > 2.
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A positive integer is called charming if it is equal to 2 or is of the form
3*57 where 7 and j are non-negative integers. Prove that every positive
integer can be written as a sum of different charming integers.
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Consider sequences aq, as,ag, ... of positive real numbers with a; =1

and such that
Upi1+ Qnp = (a'n,+1 T an)z
for each positive integer n. How many possible values can asg;7 take?
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(1)BMO1-2019-2
A sequence of integers aj,ap,as, . .. satisfies the relation:

4aﬁJrl —-4a,a,41 + a,% -1=0

for all positive integers n. What are the possible values of a;?
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There are 2019 penguins waddling towards their favourite restaurant. As
the penguins arrive, they are handed tickets numbered in ascending order
from 1 to 2019, and told to join the queue. The first penguin starts the queue.
For each n > 1 the penguin holding ticket number # finds the greatest m < n
which divides n and enters the queue directly behind the penguin holding
ticket number m. This continues until all 2019 penguins are in the queue.

(a) How many penguins are in front of the penguin with ticket number 2?

(b) What numbers are on the tickets held by the penguins just in front of
and just behind the penguin holding ticket 33?
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(1)BMO1-2005-1
Let n be an integer greater than 6. Prove that if n — 1 and n + 1 are
both prime, then n?(n? + 16) is divisible by 720. Is the converse true?
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Let n be an integer. Show that, if 2 + 24/1 4+ 12n2 is an integer, then
it is a perfect square.
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(1)BMO1-2007-2
Find all solutions in positive integers z,y,z to the simultaneous
equations
r+y—z=12
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(1)BMO1-2009-1
Find all integers z,y and z such that

2 +y? + 22 =2(yz+1) and = + y + z = 4018.
bs¥ia
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Long John Silverman has captured a treasure map from Adam
McBones. Adam has buried the treasure at the point (z,y) with
integer co-ordinates (not necessarily positive). He has indicated on the
map the values of 22 + y and z + y?, and these numbers are distinct.
Prove that Long John has to dig oﬁ in one place to find the treasure.
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One number is removed from the set of integers from 1 to n. The
average of the remaining numbers is 40%. Which integer was removed?
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Let s be an integer greater than 6. A solid cube of side s has a square
hole of side x < 6 drilled directly through from one face to the opposite
face (so the drill removes a cuboid). The volume of the remaining solid
is numerically equal to the total surface area of the remaining solid.
Determine all possible integer values of x.
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Find all (positive or negative) integers n for which n? 4 20n + 11 is a

perfect square. Remember that you must justify that you have found
them all.
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Prove that the product of four consecutive positive integers cannot be
equal to the product of two consecutive positive integers.
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Find all real numbers z,y and z which satisfy the simultaneous
equations 22 —4y+7=0,y2 —62z+14=0and 22 -2z — 7= 0.
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(1)BMO1-2012-4
Find all positive integers n such that 12n —119 and 75n — 539 are both
perfect squares.
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Calculate the value of
2014% + 4 x 2013* B 2012* 4+ 4 x 20134
20132 + 40272 20132 + 40252
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Positive integers p, a and b satisfy the equation p? + a? = b%. Prove
that if p is a prime greater than 3, then a is a multiple of 12 and
2(p+a+ 1) is a perfect square.
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Let  be a real number such that ¢t = = + ! is an integer greater

than 2. Prove that ¢, = z™ 4+ ™" is an integer for all positive
integers n. Determine the values of n for which ¢ divides ¢,,.
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(1)BMO1-2016-3
Determine all pairs (m,n) of positive integers which satisfy the
equation n? — 6n = m? +m — 10.
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Naomi and Tom play a game, with Naomi going first. They take it in
turns to pick an integer from 1 to 100, each time selecting an integer
which no-one has chosen before. A player loses the game if, after their
turn, the sum of all the integers chosen since the start of the game
(by both of them) cannot be written as the difference of two square
numbers. Determine if one of the players has a winning strategy, and
if so, which.
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Consecutive positive integers m, m+1, m+2 and m+ 3 are divisible by
consecutive odd positive integers n,n+2,n+4 and n + 6 respectively.
Determine the smallest possible m in terms of n.
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(1)BMO1-2018-3
Ares multiplies two integers which differ by 9. Grace multiplies two integers which
differ by 6. They obtain the same product 7. Determine all possible values of T'.
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In the cyclic quadrilateral ABCD, the diagonal AC' bisects the angle
DAB. The side AD is extended beyond D to a pomt E. Show that
CFE =CA if and only if DE = AB.
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(2 BMO1-2005-5

Let G be a convex quadrilateral. Show that there is a point X in the

plane of G with the property that every straight line through X divides

G into two regions of equal area if and only if G is a parallelogram.
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In the convex quadrilateral ABCD, points M, N lie on the side AB
such that AM = M N = NB, and points P, @ lie on the side C'D such

that CP = PQ = QD. Prove that

Area of AMCP = Area of MNPQ = % Area of ABCD.
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Two touching circles S and 7' share a common tangent which meets
S at A and T at B. Let AP be a diameter of S and let the tangent
from P to T touch it at Q. Show that AP = PQ.
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(6)BMO1-2007-3

Let ABC be a triangle, with an obtuse angle at A. Let () be a point
(other than A, B or C) on the circumcircle of the triangle, on the same
side of chord BC as A, and let P be the other end of the diameter
through Q. Let V and W be the feet of the perpendiculars from @) onto
CA and AB respectively. Prove that the triangles PBC and AWV

are similar. [Note: the circumcircle of the triangle ABC zs the circle
which passes through the vertices A, B and C'.]

AHIANDY SRR E T BQ FF
B iER: BQARYE S HL [, £ZBQA=4ZMQV, fr A £BQM= LAQV

2% RIABQW fil RtAAQV, 2= 9 CQ 2 Bt ABCQ~AWVQ

R AR FAAT T

(6)BMO1-2009-2
Points A, B,C,D and E lie, in that order, on a circle and the lines
AB and ED are parallel. Prove that ZABC = 90° if, and only if,
AC? = BD? + CE?.

HH X

YO \
45 X2k AC/BD/CE #4408 H f =FTE
A £ABD+£D=/ABD+Z£E=180,4D=ZE,AE=BD
(6)BMO1-2009-4

Two circles, of different radius, with centres at B and C, touch
externally at A. A common tangent, not through A, touches the
first circle at D and the second at E. The line through A which
is perpendicular to DE and the perpendicular bisector of BC' meet at
F. Prove that BC = 2AF.

E F

CIN IS AL
T v (1

Let BE=a, CF=b, WJLAFH} EF

AZUF~AYAF, I AF £iLHHRIG5H AF #AT

(6)BMO1-2010-3
Let ABC be a triangle with /C AB a right-angle. The point L lies on
the side BC between B and C. The circle ABL meets the line AC
again at M and the circle CAL meets the line AB again at N. Prove
that L, M and N lie on a straight line. A, S
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(6)BMO1-2010-5
Circles S; and S5 meet at L and M. Let P be a point on S5. Let PL
and PM meet S; again at () and R respectively. The lines QM and
RL meet at K. Show that, as P varies on S5, K lies on a fixed circle.

Tl NI B L, FA AT o A A
SO HL AT, I A6 8, A 24 B A AL £ 15 2 7S, SR AL A R B A A ML

AT T TN

(6)BMO1-2011-3
Consider a circle S. The point P lies outside S and a line is drawn

through P, cutting S at distinct points X and Y. Circles S; and S»
are drawn through P which are tangent to S at X and Y respectively.
Prove that the difference of the radii of S; and S5 is independent of
the positions of P, X and Y.

(8l (i
XY  Px pY
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(6)BMO1-2011-3




Let ABC be an acute-angled triangle. The feet of the altitudes from
A, B and C are D, E and F respectively. Prove that DE+ DF < BC
and determine the triangles for which equality holds.

The altitude from A is the line through A which is perpendicular to
BC. The foot of this altitude is the point D where it meets BC'. The
other altitudes are similarly defined.
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6)BMO1-2012-2

Two circles S and T touch at X. They have a common tangent which
meets S at A and T at B. The points A and B are different. Let AP
be a diameter of S. Prove that B, X and P lie on a straight line.

R — 4 25— W T 2530 — B9 f

(6)BMO1-2012-5

A triangle has sides of length at most 2, 3 and 4 respectively.
Determine, with proof, the maximum possible area of the triangle.
T, TR R R I A — 8 A e R PR L, A T A [ G — 0N R ke R AT i

P, ik — 2R BN, 7 — SRR AT RE N B A A
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(6)BMO1-2012-6
Let ABC be a triangle. Let S be the circle through B tangent to C A
at A and let T be the circle through C tangent to AB at A. The
circles S and T intersect at A and D. Let E be the point where the
line AD meets the circle ABC'. Prove that D is the midpoint of AFE.
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(6)BMO1-2013-2
In the acute-angled triangle ABC, the foot of the perpendicular from
B to CAis E. Let [ be the tangent to the circle ABC at B. The foot

of the perpendicular from C' to [ is F'. Prove that EF' is parallel to
AB.

(6)BMO1-2013-5
Let ABC be an equilateral triangle, and P be a point inside this
triangle. Let D, E and F' be the feet of the perpendiculars from P to
the sides BC, CA and AB respectively. Prove that
a) AF+ BD + CE = AE + BF +CD and
b) [APF]+ [BPD] + [CPE] = [APE] + [BPF] + [CPD].

The area of triangle XY Z is denoted [ XY Z].
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(6)BMO1-2013-6




The angles A, B and C of a triangle are measured in degrees, and the
lengths of the opposite sides are a, b and ¢ respectively. Prove that

a+b+c
JiiRize
TSR asb=<c 4 A<B=<C
M alble I/ NRIIEE FTDABE B atbc=1
< &

@g aA+bB*CC<qO a
c<z "

g)g G.A &LE* CC< ?O
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;(Q*b c
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il =
CE b bBicC < c(A +%©< i@«\%{)#[o
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ol
C=3 B

AR Oarbrc) 0!
=&A_+_b% +CC,.+ LQB 'L{,*CA}- \C}C,& L)_A*CB_
< 3(A+bR+C)
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s=a by + ash + -+ + a,b,

) , s maximized when by < by, < -.. <D,
Another collection of unsorted real numbers

by, bs, .. .. b, s minimized when by > by > .- > b,

(6)BMO1-2014-5
Let ABCD be a cyclic quadrilateral. Let F' be the midpoint of the arc
AB of its circumcircle which does not contain C' or D. Let the lines
DF and AC meet at P and the lines CF and BD meet at (). Prove
that the lines PQ) and AB are parallel.
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(6)BMO1-2015-2
Let ABCD be a cyclic quadrilateral and let the lines C'D and BA
meet at £. The line through D which is tangent to the circle ADFE
meets the line CB at F'. Prove that the triangle CDF' is isosceles.

JEBK

angle COF =angle EDI  vertically opposite
=angle EAD  angle in alternate segment
=angle BCD  exterior angle of cyclic quadrilateral

=angle FCD  same angle

.
[&— b
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(6)BMO1-2015-5

Let ABC be a triangle, and let D, E and F be the feet of the
perpendiculars from A, B and C to BC, CA and AB respectively.
Let P, Q, R and S be the feet of the perpendiculars from D to BA,
BE, CF and C A respectively. Prove that P, @, R and S are collinear.

JEBK

?iaﬂﬂw;zﬂh e PQRS//EF I, H22E PQ/QR//RS//EF Biv]
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(6)BMO1-2016-4




Let ABC be a triangle with /A < /B < 90° and let T" be the circle
through A, B and C'. The tangents to I at A and C meet at P. The
line segments AB and PC produced meet at Q). It is given that

[ACP] = [ABC] = [BQC].
Prove that /BCA = 90°. Here [XY Z] denotes the area of triangle
XYZ.
B
23 S, AT PA=PC, H. a+b %2y 90
R, FeAT HEHIEBI AAQP 2 RTARIH]

« bR

(6)BMO1-2017-3

The triangle ABC' has AB = CA and BC is its longest side. The
point IV is on the side BC' and BN = AB. The line perpendicular
to AB which passes through N meets AB at M. Prove that the line
MN divides both the area and the perimeter of triangle ABC' into
equal parts.

BB

UER 42 BT, Z R 57k

(6)BMO1-2018-4
Let I" be a semicircle with diameter AB. The point C lies on the diameter AB and

points E and D lie on the arc BA, with E between B and D. Let the tangents to I at D
and E meet at F. Suppose that ZACD = LECB.

Prove that /EFD = tACD + /ECB.
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(6)BMO1-2018-5
Two solid cylinders are mathematically similar. The sum of their heights is 1. The
sum of their surface areas is 8. The sum of their volumes is 2zr. Find all possibilities
for the dimensions of each cylinder.

BB
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(6)BMO1-2019-3
Two circles S; and S, are tangent at P. A common tangent, not through P,

touches S at A and S, at B. Points C and D, on S| and S, respectively, are
outside the triangle APB and are such that P is on the line CD.

Prove that AC is perpendicular to BD.
B
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(1)BMO1-2013-3
A number written in base 10 is a string of 32013 digit 3s. No other
digit appears. Find the highest power of 3 which divides this number.

B

%{%:32014

(1)BMO1-2017-1
Helen divides 365 by each of 1,23, ...,365 in turn, writing down a list
of the 365 remainders. Then Phil divides 366 by each of 1,2, 3,...,366
in turn, writing down a list of the 366 remainders. Whose list of
remainders has the greater sum and by how much?

.,

AR, AR — RS B [ 336, 84X 4L remainder JR[% 5 O

70 336remainder K 1
3653 s, P has
| mare  Than Hg/(m)
So P lhas 35K mone
366 = 2x% %6 Tor the {\ggJ(\ H hes
fachs of 366 Onlarssseonalem
23,6, 61,122,183 3L, -~ maore fran P

(1)BMO1-2018-1

A list of five two-digit positive integers is written in increasing order on a blackboard.
Each of the five integers is a multiple of 3, and each digit 0,1,2,3,4,5,6,7,8,9 appears
exactly once on the blackboard. In how many ways can this be done? Note that a
two-digit number cannot begin with the digit 0.
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(1)BMO1-2018-2

For each positive integern > 3, we define an n-ring to be a circular arrangement of n (not
necessarily different) positive integers such that the product of every three neighbouring
integers is n. Determine the number of integers # in the range 3 < n < 2018 for which
it is possible to form an n-ring.

loop around
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(1)BMO1-2019-5
Six children are evenly spaced around a circular table. Initially, one has a pile

of n > 0 sweets in front of them, and the others have nothing. If a child has
at least four sweets in front of them, they may perform the following move:
eat one sweet and give one sweet to each of their immediate neighbours and
to the child directly opposite them. An arrangement is called perfect if there
is a sequence of moves which results in each child having the same number
of sweets in front of them. For which values of 7 is the initial arrangement
perfect?

FATE S — AR AL

2.7

(1)BMO1-2007-4




Let S be a subset of the set of numbers {1, 2,3, ...,2008} which consists
of 756 distinct numbers. Show that there are two distinct elements a, b

of S such that a + b is divisible by 8. &,23, ., 2008

4@‘% y O ; I3 I,*"‘{. ‘ ‘I‘,f‘"l
56 mod 4N A 52 LS S S A i S O Y)
(3)BMO1-2017-6 |

Matthew has a deck of 300 cards numbered 1 to 300. he takes cards
out of the deck one at a time, and places the selected cards in a row,
with each new card added at the right end of the row. Matthew must
arrange that, at all times, the mean of the numbers on the cards in
the row is an integer. If, at some point, there is no card remaining in
the deck which allows Matthew to continue, then he stops.

When Matthew has stopped, what is the smallest possible number of
cards that he could have placed in the row? Give an example of such

a row.
MM TEGE n-14> cards ZJ5, 3 A1xF sum #:47 mod n, 28 J5#h A %L
PRI, R AT AT DA 52 A ) AR B B gt 1 1 1
g 187>300, [ L HAF L R AMAARET R A 17 4~(maximum)
MEATIGE 17 ANEAG TS 18 DREIRHMEREA T RE T, 5T ABL 18 Rl g
7
(1)BMO1-2019-1
Show that there are at least three prime numbers p less than 200 for which

p+2,p+6,p+8andp + 12 are all prime. Show also that there is only one
prime number g for which g +2, g +6, g + 8, g + 12 and g + 14 are all prime.
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(1)BMO1-2015-1
On Thursday 1st January 2015, Anna buys one book and one shelf.
For the next two years, she buys one book every day and one shelf on
alternate Thursdays, so she next buys a shelf on 15th January 2015.
On how many days in the period Thursday 1st January 2015 until
(and including) Saturday 31st December 2016 is it possible for Anna

to put all her books on all her shelves, so that there is an equal number
of books on each shelf?
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(1)BMO1-2005-2

Adrian teaches a class of six pairs of twins. He wishes to set up teams
for a quiz, but wants to avoid putting any pair of twins into the same
team. Subject to this condition:

ii) In how many ways can he split them into three teams of four?

H—ForE RN 34 4 N\ AU 2 A A A twins # R B AEAE IR 4—3F
6C2x4C2 fh /i3, {B2 A~ order of group doesn't matter, it DAUEEEIS DA 6 S BN B4 59R 5 uil
A 2 MR FRIE T H A A T

SRR 34l 6 NGREVIITES 6 =M, S5 TR = ST BIE R A1
i L =LA 2 8=, —IH 6C2x4C2 F )ik, [H2 A AT A 2, FEER DA 6
ST o A 5 A 5 R AR S AN I B B S AT T = S A T R RS M 4 5
#42:980

(2BMO1-2005-4

The equilateral triangle ABC has sides of integer length N. The
triangle is completely divided (by drawing lines parallel to the sides of

the triangle) into equilateral triangular cells of side length 1.

A continuous route is chosen, starting inside the cell with vertex A
and always crossing from one cell to another through an edge shared
by the two cells. No cell is visited more than once. Find, with proof,
the greatest number of cells which can be visited.

PR A BEUE B, BT A TR AT B3 A FE R A 2518
HEEA XTI, ke A AR e
BT  -B- P - BR- 1 -

NY maximise, R (0 B5E 58, Tk 4 AR 2 H

IR B AR T 2 DA B A=A

= m-n+1

(3BMO1-2005-6

Let T be a set of 2005 coplanar points with no three collinear. Show
that, for any of the 2005 points, the number of triangles it lies strictly

within, whose vertices are points in T, is even.
BB A IR 2A— ARG () \l/ —= —
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(3)BMO1-2006-3




The number 916238457 is an example of a nine-digit number which
contains each of the digits 1 to 9 exactly once. It also has the property
that the digits 1 to 5 occur in their natural order, while the digits 1
to 6 do not. How many such numbers are there?

.,

s,k
JeHFEF 12345, 3005 64 5T 7484 8494 94
%% 2520

(3 BMO1-2009-3
Isaac attempts all six questions on an Olympiad paper in order. Each
question is marked on a scale from 0 to 10. He never scores more
in a later question than in any earlier question. How many different
possible sequences of six marks can he achieve? i
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(3 BMO1-2010-4

Isaac has a large supply of counters, and places one in each of the
1 x 1 squares of an 8 x 8 chessboard. Each counter is either red,
white or blue. A particular pattern of coloured counters is called an
arrangement. Determine whether there are more arrangements which
contain an even number of red counters or more arrangements which
contain an odd number of red counters. Note that 0 is an even number.
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(3)BMO1-2012-1




Isaac places some counters onto the squares of an 8 by 8 chessboard so
that there is at most one counter in each of the 64 squares. Determine,
with justification, the maximum number that he can place without
having five or more counters in the same row, or in the same column,
or on either of the two long diagonals

FHE: 32

(3)BMO1-2013-4

Isaac is planning a nine-day holiday. Every day he will go surfing,

or water skiing, or he will rest. On any given day he does just one of

these three things. He never does different water-sports on consecutive

days. How many schedules are possible for the holiday?
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(3 BMO1-2014-3
A hotel has ten rooms along each side of a corridor. An olympiad
team leader wishes to book seven rooms on the corridor so that no

two reserved rooms on the same side of the corridor are adjacent. In
how many ways can this be done?
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(3) BMO1-2015-4

James has a red jar, a blue jar and a pile of 100 pebbles. Initially both
jars are empty. A move consists of moving a pebble from the pile into
one of the jars or returning a pebble from one of the jars to the pile.
The numbers of pebbles in the red and blue jars determine the state
of the game. The following conditions must be satisfied:

a) The red jar may never contain fewer pebbles than the blue jar;
b) The game may never be returned to a previous state.

What is the maximum number of moves that James can make?
BB
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(3)BMO1-2016-1

The integers 1,2,3,...,2016 are written down in base 10, each
appearing exactly once. Each of the digits from 0 to 9 appears many
times in the list. How many of the digits in the list are odd? For
example, 8 odd digits appear in the list 1,2,3,...,11

B
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1 3 = 7 9
1 41 21 31 41 57::@1 7181 91

1 3 5 7 9
3 13 23 33 43 53 §3 73 §3 93
1 3 o 7 9
o 45 35 3 2 25 85 75 85 95
1 3 5 7 9
7 17 27 37 47 57 §7 77 §7 97
1 3 5 7 9

9 19 29 39 49 59 49 79 §9 99

half of each of the hundreds, tens and units digits are odd.

3000

and so we have — that is 1500 odd digits in the integers from O to 999.
And so, when we consider the integers from 1 to 1999 as four digit integers, we see that
we have 1500 odd digits from 1 to 999 then (1 + 1500) odd digits from 1000 to 1999

So, for 1 to 2016 we have these 4000 odd digits plus the extra from 2000 onwards, 15 of these, giving a
grand total of

(31 BMO1-2017-2
In a 100-day period, each of six friends goes swimming on exactly 75
days. There are n days on which at least five of the friends swim.
What are the largest and smallest possible values of n?
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A58 I B, A B f BB e AR a5 0 2 5 T AT
#22:90,25

(3 BMO1-2017-2

If we take a 2 x 100 (or 100 x 2) grid of unit squares, and remove
alternate squares from a long side, the remaining 150 squares form a
100-comb. Henry takes a 200 x 200 grid of unit squares, and chooses
k of these squares and colours them so that James is unable to choose
150 uncoloured squares which form a 100-comb. What is the smallest
possible value of k7
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(3 BMO1-2018-6
Ada the ant starts at a point O on a plane. At the start of each minute she chooses
North, South, East or West, and marches 1 metre in that direction. At the end of 2018
minutes she finds herself back at O. Let n be the number of possible journeys which
she could have made. What is the highest power of 10 which divides n?
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You change each of x+y and x-y by +1 at each step,
and you can make these choices independently because

each of the four possibilities is realized by 2
Ada the ant moving in one of the four cardinal directions. l Ol
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