. 1
() ¥ = (& — )"
HlNT g’iﬁ*@]ﬁiﬁﬁﬁ’

(€) ¥ = (x=yp?
HINT: 228 u=(x-y)iRi&?

_____ clu - : .,d | ___0{
ax= (XY S x”ff '.'oT_b)‘Zf-_‘ ox

ALY
= (-ux:M) . | U.%:l*%
AR | G FR AR A
{ --I.:b du h d)‘
tanh"u X1C ' ;

19) Let f be a differentiable function. Evaluate

i 01 A0 = ()

HINT: /E 43/~ x when x is approaching to a?
X= QTtAX

0f (0120 - (018 (0)
AX
__ofiax) -0 f@ _ sxfc)
AX AX

o (@) — 1)
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20) Find the derivative of /(x) = (1 —x)(2 = x)(3 — x)...(n — x) atx = L.

HINT:
derivative of one term * remaining original terms.
what will happen if (1-x) is including in the remaining original terms?

| (= XH' (2=X) (3=X)-- (n=X)

____________ _—— e St Sl as texm , R (1-X), [eaoling
+0..‘0: v =
so_omswer: =1+ (==~ (h-1)

s
@ (&) 1 (3) +er i (2)]

asn — &

HlNT: HEH
when_ n—>00

n*( (F) tw (@I t=1hl(m))
- _,qauL.é.?i.f_(.K.’..).__T..é.x...‘fgx)"’“‘*.AX]CQSPL].,_,

29) Letf(x) = x + 247 sin(yl—c). Show that 7 (0) = 1. You may assume /(0) = 0.
HINT: DEFINITION

20fHa)r =R
4(}\) f (0) .1

32) Is f 2 sin (1) dx bounded or unbounded?

HINT: substitution %






32) (a) Verify that
y(x) = f e dt

satisfies the differential equation y” + 2xy" = 0.

(b) By using an integrating factor on the DE, derive the general solution in integral form.

< f(x Yy =
HINT: f(x,5%) = 0

d q
- ECRL )
oy dp 3
_ox=pP ax l"!’ =0
Lerpl-2a_
il st i e
=iE
""" oy -
x= e

2 . e . mo e
33) Integrate x’¢™* from negative to positive infinity.

HINT: odd function

Show also that 2°! — 1 is not prime.

HINT modular ﬁ[}%]iﬂéﬁﬁ"—”?ﬁt factorise

—) = u’b-) where U= 2l
“’(u-l)(u"fu"+-rl)
Qi1

3) Suppose that we have some positive integers (not necessarily distinct) whose sum is 100. How large can their prod-
uct be?

HINT: if n>3, we can break it down to make the product Iarger

for all o€ 77 .24 we oo break..ui ,,,,,,,,,,,
__....dgwn_._.....ln-m Q,rtlrar (Q—L _j, Sy -
op = = ) A maxnmne Droofu(‘f




4) A thinrod is broken into three pieces. What is the probability that a triangle can be formed from
the three pieces? What about if we want the triangle to be acute (e.g. all the internal angles are
less than 90 degrees)?

HINT: x2+y?2>z2 for acute angle

4
0 Jc2+y2>(1—x—y)2

5]
o Jc2+(1—x—y)2>y2
6

@; y2+ (1 —J\c—y)2>x2

9) Consider a regular polygon with an odd number of sides. If I pick 3 vertices at random and form
a triangle, what is the probability that the centre of the polygon is inside the triangle?

HINT: start by smaller cases

stait with pentosan: ogwﬂy‘jor eoch initit] “sicle

\ f-its “two_vertes conneet with Center

/ . we et the 'bove angle’

\ / if tices connect_with third|
‘ "t le"

 then ' true angle ' > 'bue ongle'
it int andd second vertices> cre ac}faoemk shirel one ha
| possibil -
it fint ond cecond vertices ave  seperrted by X sioles,
‘f thircl_one ko> posbilities

- fint onol seoond vestices ove_sepeioted by n sidey,
(total nt| wertices), vhiclone il

bilibie

powally: [l in)x xon o) 6

afvrementioned 5_7_@_0(_('{\771 d/ffeiu\t eco 17”0!’9'4

g chockwise/  fint be countes]
onticlockwise ~ VeItex b times

19) A biased coin has probability of landing heads equal to p. If the coin is tossed n times and let
X be the number of times it lands heads in total, find P(X = k). Suppose now that the value of
p is unknown. However, it’s observed that k heads are obtained after tossing the coin n times.
What is the value of p which makes this event most likely? That is, what value of p maximises
P(X = k)?

HINT: consider Normal Distribution: peak at np




20) If we flip a coin and generate a sequence of length n, what is the probability that the number of
heads is even?

HINT_:. _symmetric, binomial expansiorl

o niokl

either  ewnldt ol T ©

or odgl{ *ewen] @

« fon each situoton in ©, twn H into T. twn
Tin M. we get o ooneapombng Situotion in
@, with some PObsvleltg
~ Pleven HY=%

n_13._even
P_A(feven H)=_ "Cn-f“Cn-),f 1+ "0 7o

Ploolel H) = "Cn-f*"Cn 51' *"Ca""Cl
BT
l (.
“PlevenH)-Plodd H)-
No- N+ NG, - i 9%, il CI\')‘"C]\-]TACA

=

,,,,,, ~ Pleven H) =
-

21) If we flip a coin and generate a sequence of length n, what is the probability we do not see two
heads in a row? Set up a recursion equation and then solve it to find u,,.

HINT: start with smaller cases, Fibonacci sequence

assun\@ nitial n_ o sam%@& our_condlitbn
‘v for n‘rl 188
font toss b H, we wemt T for (m) i
n‘ nth toss 1y T, we  wont H/T for (m‘)%
affer thals. notice_thet. . con only BB/
followm{ I>u T, whereas.. T con be ﬁl/ovm/
bu both — like ot Fibonoeer sequience ..

1St : o I Jumber of H nwaéenf-
)-ho(\ _lF H/ \T | (F1) 2 (F
yd Y L LY 3B (R
4th 1/ |4\T+|/1\1‘ 5 (F3) SR

= Fn
= | g4 = xt)
AL S &

. T th (]
AT P T T B ey it



32) A fair die is thrown m times. Show that the probability of getting an even number of sixes is
1 2\n
2 (1+ ")

HINT: binomial expansion

P(even b) = ;
O )
. 11y even N 3
P(@dd b):= ~
= ERIE R A R
B R A VAV
,’7{\6*3!‘ b)-= P[OO[[{“—
) -t =

35) Let u, be the probability that n tosses of a fair coin contain no run of 4 heads. Find a recurrence

relation for u,, and use it to show ug = 522

HINT: P =1 - P inverse

i consumer  Tn oy the. le?ab) rgafd n
_________ 1o 5.5(%oonmlm s o ffh

__________________________________ ﬂmf‘) J? i i HH HH:

S
Q19

39) A coin is tossed repeatedly, with probability of getting heads p = 1 — q. Find the expected length
of the initial run (this is a run of heads if the first toss gives heads, and of tails otherwise).

HINT f|nd expected length = find when we end

o ftml out... exFaeted \EY\gﬂr\ W@ Cue thtua[ j
‘fir\dtf\ﬂ out_uhen we will_eng).

(14 o) 4+ (1t p)
..l_
}70>)|brh expated oy Fosslhhw exPectBlf To3$
thot we mtly until we ke thot we fist j unu\ we_hove
hove. ¢t {T! o] howe 00 T 7 "‘




38) The random variable X has binomial distributions with parameter n and p. Find the expected
value (i.e. mean) and variance of X.

HINT: DEFINITION

2 Ib JEa T v [N
PO T RGN Py (n)

¥ P.%i"’ DP9 ) !’%’/’"'”I"‘
v '{n’p)y )
s p ,’ L(pt9>"] 1 np- -(ap)
= n{n |)F Aprp™ ’“+m> /nlm

n(n'UF WPy
,,,,,,,,,,,,,,,,,,, I> P’[{FHM an

37) The random variable X is distributed geometrically with parameter p. Find the expected value
(i.e. mean) and variance of X.

HINT: DEFINITION

}’{ X) } )‘ AR % \ _r -
lelx) ]P lPa'_ ' 'PU R N !

Tl
,—\
lI
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.zfm -pziql -
~ &
@rq‘(%‘i) FHEI
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41) A fair die having two faces coloured blue, two red and two green, is thrown repeatedly. Find the
probability that not all colours occur in the first k throws. Deduce that if N is the random variable
which takes the value n if all three colours occur in the first n throws, but only two occur in the
first n — 1 throws (i.e. it requires the nth throw to finally hit all three colours), then the expected
value of N is %

HINT:\@FFE}E
S B B\
e I(\ ’L’k
B0 -t MR-

K% 2% FREIAF fe
"""""""""""""""""""""""""""""""""""""""" TR FHETANTSARS
4. combiratinEF;
ECOD N § AN /)RS 1
N
R

42) The probability of obtaining a head when a biased coin is tossed is p. The coin is toss repeatedly
until n heads occur in a row. Let X be the total number of tosses required for this to happen. Find
the expected value of X.

HINT: start anew

E(Xa) = p (EO1)41) 4G (EC) 1+ E(x)

E(XI\): E(XH‘QT\ + O[_E(Xn)

P EXn)= E(Xn N+
E ()= EQn-l)t]

P
“(E ) )
dlet (#O-A 7%> = (PN UN)=0

(EON
7\:1]\}:'}‘ M , o
(T 7Y ()= (ToF)= #(%)
m=90
(f T )= (m) = (T‘;}qﬂ: %)
T
(vp o) (o i o) (o L) ‘
B - (L) (o) (o 307 )



E(xd = qU+ED) £ pal (DEE(Xa))
.- pqthEan)H ek F"*OI(NE )(n))
2 D” n
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. 1” " |
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45) Two identical decks of cards, each containing N cards, are shuffled randomly. We say that a
k-matching occurs if the two decks agree in exactly k places. Show that the probability that
there’s a k-matching is

1 —1+1—1+ +(—1)N—k
k! 120 307 (N=K)!

HINT: disarrange, &%

Qﬂnﬂ}@\n_%)unar\ge BMER
AR KT B, ATOhanege | N k)|

@v”'d%ﬁﬂﬁ’ﬂéﬁﬂﬁtﬁ% 7’\&}@_/\/—1& disanpnge:
NCoyeko (N=K)) = M-k = /:f,
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— ol ey einge ¢
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1. Consider a 12 hour digital clock (a clock which shows times from 00:00 to 11:59). What is the probability that
there is at least one digit ‘1’ displayed at a random time? What about exactly one ‘1’7

HINT: %852 (1) hour B M2 AR independent (2) 25 [FHLR FI R RA-AH

Solution: Consider the possible hours displayed: 00, 01, 02, 03, 04, 05, 06, 07, 08, 09, 10, 11. So we need
one of the 9 hours without a ‘1’ in. Then if we consider the minutes, we have 01, 10-19, 21, 31, 41 and 51

with a ‘1’ in. So P(No ‘1’s) = 2 . €0-18) _ 3.3 _ 8
So we have P(At least one ‘1’) = 1 — 19—6 = %.

For exactly one ‘1" we need either no 1s in the hours and one 1 in the minutes or one 1 in the hours and

none in the minutes. There are x14 ways to have no 1s in the hours and one 1 in the minutes and 2 x 45

ways to have one 1 in the hours and none in the minutes. So P(Exactly one ‘17) = 213245 — 3

I) A personison alake, in a rowing boat full of rocks. The rocks are thrown into the lake. What happens to the water
level?

HINT: compare V
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4) Aladder rests against a wall and a man stands on it. Label all the forces acting on the ladder and deduce four equa-
tions that relate them.

HINT: gravity, external force, normal force, friction
f’ \/\/\/=

? human®
\

AR

v

N YA
'_

r
Ty -

7) If I place a cube in water, what shape does it make on the surface?
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15) Suppose that 4, B and C are three points in a plane, such that 48 = AC = BC = 1. At each point in time, 4 is
moving toward B, B is moving toward C, and C is moving toward 4, all with speed v = 50. Shown below is what
the movement would look like.

The red curve represents the path from point 4, the green curve the path from point B, and the blue curve the
path from point C. At what time # will all the points reach the centre of the triangle?



12) Ifyou’re standing on a pair of scales in a lift, what happens to the reading when you start moving up a floor? Why?

it detects he force “fram. humoms. o mg/m

clevicey - .
humcm’>r&su.lmni.fowen'sl;f;_]wards,,.._. ; -
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18) A beam of light falls vertically at the pointx = xp on an arbitrary curve y = f(x). Find the gradient of the reflected
beam of light.

D-ZQI-.D’ - ':v]\@mnl ‘ | Dzzte/ g F M
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5 o W= CFE ..
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gradient = tanp-




