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—RxA{formutA: AX =B, X20,minimise CTX"
4534112 AX = B BFZ A5 ATHEbounoko! or inbo
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_..lql h“:-’u:l\? t.t ‘h*\}'\(\nt. lAaw f\..-LIf\-n

.T\?&"‘f’obf\"



https://v3.camscanner.com/user/download

THTVTTN S L X7 oUvwymsts
_inthis ‘Wl Xi 50 for sure.of O—=0."we gmduul get X we
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22(Fp)", whete p is prine , notice thatt for o subspace, 3 must be
inclucled.

L5 @SN, o field with Pk elements con also exist. where
p-15 orprme. onol_kois 0 positive integer.
" e.roundoff eron & g@xﬂu!_ VO TINg. .
A TERL ABE AR . T2 phot Eelement Hexd (4R AILELS,

ar g eliminotbion THLZSFKmultiplier k., SPUEREIFAATE [ 15 A

B the kth-pivot is olecidled] when we.reach ol seauch column k:

—chogse the lorgest (bsolute volue) number . in row k -or below. then

exchonge-its Tow with row k.

oA RCiH A% = B by elivinotion insteol of finding invesse

OB A= LY FHA, Q\Z%Aﬁ“_)ﬁb RENE 3 B~/ pivot BB T R 0)47

_88F 20 AL B row AREF - Trow BEENALTL e repeat.

40ta|_a|zexumm( notice thut there re n pivots) e

L n>-n
;27 i =) = 5 .

iorjazg&aJ_wmg mt.&u%ﬁ\at _the,mu]ﬁpl_g - substiuct _count for

forwaucls _elipingepion -(A o V.»-p)@u,df? L Simulteneowly) is Sn®

once we have LUX=B , we cansolve dt quickly: we fise look

EsEE
L wedh

ks (B menT
TR o

AMEBBEHEAPP


https://v3.camscanner.com/user/download

IR o iy & % [ (SR T
Ut the Sir\%l‘e Pivo’c, which 1) Iopeno’mxms then we look at the piver
whose row hots two elements, which ris 2. operatmons- - repeat, tota)
Operections (netice that we hove both L2=b and Ux=¢)are
* oS | = g
|
Sforuge n. we_cun jwt s that the count for fornards poirt an
~ bock_substitutions is n>
® %415 invesse B A4 4 k.50 opeiorons 57 ALV
A" (82 8) , 1= (3 4 70), we hae_LUG = T
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MATRIX FACTORIZATIONS

$ Al ( Jower triangular L ) ( upper triangular U )

1's on the diagonal pivots on the diagonal
Requirements: No row exchanges as Gaussian elimination reduces A to U.

2. A=LDU = lower triangular L pivot matrix upper triangular U
 \ I'son the diagonal D is diagonal 1's on the diagonal

Requirements: No row exchanges. The pivots in D are divided out to leave 1's on
the diagonal of U. If A is symmetric then U is LT and A = LDLT,

3. PA = LU (permutation matrix £ to avoid zeros in the pivot positions).

Requirements: A is invertible. Then P, L,U are invertible. P does all of the
row exchanges in advance, to allow normal LU, Alternative: A = L, P,U,.

4. EA = R (m by minvertible E) (any matrix 4) = rref(A).

Requirements: None! The reduced row echelon form R has r pivot rows and pivot
columns. The only nonzero in a pivot column is the unit pivot. The last m — r rows
of E are a basis for the left nullspace of A; they multiply 4 to give zero rows in R.
The first r columns of £~ are a basis for the column space of A,

5. A = CTC = (lower triangular) (upper triangular) with VD on both diagonals
Requirements: A is symmetric and positive definite (all n pivots in D are positive).
This Cholesky factorization C = chol(A) has CT = Ly D, so CTC = LDLT.

6. A = QR = (orthonormal columns in Q) (upper triangular R).

Requirements: A has independent columns. Those are orthogonalized in Q by the
Gram-Schmidt or Householder process. If A is square then 0~ = QT.
7. A = SAS~! = (eigenvectors in S) (eigenvalues in A) (left eigenvectors in §~1).

Requirements: A must have n lincarly independent eigenvectors.

8. A= QAQT = (orthogonal matrix Q) (real eigenvalue matrix A) (QT is 0=").
Requirements: A is real and symmetric. This is the Spectral Theorem.
564
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Matrix Factorizations 565

9. A= MJM~! = (generalized eigenvectors in M) (Jordan blocks in J) (M 1),

Requirements: A is any square matrix. This Jordan form J has a block for each
independent eigenvector of A. Every block has only one eigenvalue.

|
TR S A orthogonal ){ x W, singular value matrix orthogonal
2 "\ Uismx\ 01,...,0r ON its diagonal VTis}x n )

Requirements: None. This singular value decomposition (SVD) has the eigenvec-
tors of AAT in U and eigenvectors of ATA in V; 0; = /A;(ATA) = yAi(AAT).

11. A* = VE+UT = orthogonal { n xm pseudomvers.c of ¥ \ [orthogonal :
nxn l/ay,...,1/a, on diagonal mxm

Requirements: None. The pseudoinverse A™ has AT A = projection onto row space
of A and AAT = projection onto column space. The shortest least-squares solution

to Ax = bisX¥ = ATb. This solves ATAY = ATb.
12. A = QH = (orthogonal matrix Q) (Symmetric positive definite matrix H).

Requirements: -A-is-invertible— This polar decomposition has H> = ATA. The
factor H is semidefinite if A is singular. The reverse polar decomposition 4 = KQ
has K2 = AAT. Both have @ = UVT from the SVD.

13. A = UAU ! = (unitary U) (eigenvalue matrix A) (U~ whichis U¥ = TJ_T).
Requirements: A is normal: A"A = AAY. Its orthonormal (and possibly complex)
eigenvectors are the columns of U. Complex A’s unless A = A™: Hermitian case.

14. A = UTU~! = (unitary U) (triangular T with A’s on diagonal) (U~! = U®).

Requirements: Schur triangularization of any square A. There is @ matrix U with
orthonormal columns that makes U ~* AU triangular: Section 6.4.

15. F, = [f _g] [F"/ g Fn/?.] [p:;;?;tz(tiiin] = one step of the (recursive) FFT.

Requirements: F, = Fourier matrix with entries w/* where w"” = 1: FyFp, = nl.
D has 1,w,...,w"/2=1 on its diagonal. For n = 2° the Fast Fourier Transform
will compute Fyx with only 314 = nlog, n multiplications from £ stages of D’s.
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