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TOP TIPS

1. you should be confident for your.interviews!

2. slow down! be silent and think for 10
seconds once you see a question!

3. will only a f**king university deny you!

WISH THE BEST LUCK BE WITH YOU!

BB UNIVERSITY OF 5‘; ~3 UNIVERSITY OF
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CALCULUS
1. a4 polynomial WiET 4T polynomial:
@ partial? @ by part/substitution.

Q@ # L TFRIERx" Gk LHS=In|7-1?

@ MR R=FAEE inverse X, FHIiC Al AS-BHEL .

2. o4 polynomial JiET 4384 polynomial: 1k HiJES5+40.
3. H4atE R4 sin/cos:

@ FEAR? @ #ik tan%x =t?

® LT H#*A cos/sin/sec/csc 5k TFILE tan/cot #Hx? FJEEER by part /%, recall
cosxesecx = 1, sinxecscx = 1. XN HFEILH YT BRI PA substitution ARG A H.
@ substitution? # & (sin2x)’ = 2sinxecosx, (C0s2x)’ = -2sinxscosx, (secx)’.=tanxesecx,
(cscx)’ = -cotxecscx; RS TFHHFRE sin/cos Zf& In|s&H?

® ¥F4? 1 = sin?x + cos2x, sin2x = 2sinxscosx, sec2x = 1 + tan?x, c¢sc?x =1 + cot?x.

4. FXEREAR 5 8% B AR LK

5. differential equation:

2
DL + )y = glx): e/ (Wxy] = e/ (Wdxg(x), Q@ % +a3¥ + by = f(x): GS=CF+Pl.
® 3—3' = f(y) letu= —, y = ux, 3—3' = u+x;1—, so we have x:— = f(u)-u.

dy _ ax+by+c mX+nY _
dx =~ AxtByiC: : (1) let X = x+h, Y = y+k, so we maygetd—X MXENY = (—)

) dy _ ax+by+c
(2) If (1) doesn’t work, d S 2 @by c

@ +1xy = g(x)y“, n#0,1: y-nd—y + Ry = g(x):

, let w = ax+by.

letz=yl™,—==(1- n)y dx <Y sowe have—+ (1-n)f(x)z = (1-n)g(x).
® : Y= f(x,dy) let p = 5%, so.we -have 3— = f(x,p).

dy dy dy d?y dp _dpdy _ dp _
@dz_f(y,d)letp ax’ gz dX_dydx_pE,sowehavepE_f(y,p).

@ BT e, KEF/substitution & A term.
%Mﬁﬁﬁﬁﬁ)ﬁ definition f‘fﬁi llmw

h-0
7. you may express “x approaches to a” as x = lim a+h.

h-0
8. SRARAEL IR — R SR ]

POLYNOMIAL
1. BFEIRITIE, BRBESEPER. YEIAEMENal+bi+clv. .0, ATPARLE polynomial
}Eﬁjﬁ—%‘%ﬁ%%*% %UETﬁH%E a; x!= 0, 2 a; Si+k = 0.
2. HERMEXT polynomial 3k mod n, R)5FIER ZBEA —T m, BBABEE] m mod n B X R.
3. polynomial R4 R f/stationary point, WI5RA T FR~Z Si/stationary point #3538
polynomial Bi.2— %k
4. ST EIFER, £HI8% " substitution. % j&% Ra’x2+a’y2=a’=fHun? REERE
A RBOL A RE?



5. Remainder Theorem 5 #%X: assume remainder is Y a, x!.

6. SRARFR: D Fik. @ Taylor expansion.

7. HEEMEE Va2 + b2/Va2 — D2SHXATE RS EA= AR/ REX.

8. m% + n% = (m? + n?)2 - 2m?n?2.

9. [x™ - 1]|[x™ - 1] when m|n.

10. a™ — b"=(a-b)(@a™l+a”2b+a”3b2+..).

11. a”™ + b=(a + b)(a™ 1 — a”2b + a®3b2 — .. ){EEXE n B HEFH].

12. [f(x)] = V£ (x)2. FF| absolute | Fhfd. FENNHIFER, absolute.

GRAPH SKETCHING

I EIRR S — 5 WA
. domain, asymptotes, approximation, derivatives, stationary points, zero points.
. domain! 3[R R B FEAE I 25,
. asymptotes! = BT B EEFEER 0, if yes, then maybe it is'not an asymptote.

. smooth! —EKRELEH. RHH BV (X), f(Vx), f(x?), [f (X)]PSRHHET y=0 HKRI%. B3
H % [ 8—E B SR 5 | wonder what will be the tangent of zero points.
6. Xjﬁ%' f(x,y)_f(y,x) Tjﬁ% y=X XT %) f(x,y)_f( X,'Y)ﬁi%ﬁ 'J—:(Xj‘ﬁ! f(X,y)—f( ys'x)ﬁﬁ% y=-X X‘T%
H B T] AFEXTFRAIA asymptotes K MR E].
7. Y4 sinx/cosx 7A1E HoR S HEMER], K HF #E3h, 3R52 asymptotes/lower boundary/upper
boundary J5 XM HE. (HEHE: tangent point may not be turning point.
8. FBEE polar form? 5 s R I E Bl [F— & R A E IR E? B IBHHHM constant
HEREEXARERIERXE change the form?
9. W R/NFEIRR:
@ Talyor f&7F? @ R R KR+ FHR/N Q HHB/AHER.
@ YEIFHAE R/ D ELEAWLEMRIILER, Z8AEEHEFTE BRE—H 5% R E—1
function ZEARE x{H FAY v BRI

NUMBER THEORY

=0 or 1 (mod4); a3 =0or1or-1(mod?9).
. cannot be integer = numerator is not divisible by denominator.

. “consecutiveintegers”“prime” Z RKAHETET [ BIRE A EGE.
0 B ANBOT ARET 7 S5 = n* + 072 4 n K L RS m EIE
. parity: Z- {8

HOON =

o

O A WM

SERIES
. i0484}i: assume convergence.
. Tl SR S AT R A
T AR BB, KFBrER T AR BTE.
- NPT R WA /3R, 25 BT RF LI 4H S K.

JF, == (0. (5,

O A ON-=

e

TRIGONOMETRIC

eX+ e X . eX— e X

1. cosx = , SinX = -
2i




2. 1 - tanxetan(45-x) = tanx + tan(45-x); tanxe<tan(90-x) = 1.

3. arctan/arcsin/arccos K £ FEf:

@ trigonometric A EM/A .

@ De Moivre’s Theorem: arg(xy)=arg(x)+arg(y), ¥-EE/ K, complex 2 )5 E&ITHE.

4. AW AN f(x) = fx+T)B), T 2EHHH.

5. H3nM X S A XK/ @ function? @ geometry meaning: arc > chord?

MECHANICS

. change in total energy = work done. 3% &8 ¥&F 7P L.
. without resultant force and resultant torque(moment), a system is in equilibrium.

- ZJ153HT: 1, A1, (LR D), BERR .

. upthrust numerically equals to the gravity of water displaced by object.
. collide: sum of momentum unchanged: m,u,; + m,u, =m, v, + m,V,,.

OO~ OON =

. 1 2 1 2 1 2 1 2
sum of kinetic energy may change: SMUL + oMUy =MV +5m, Vo,
. . . . Vo, =V
coefficient of restitution: .
U —uy
6. BIARESXTF: BT 2B SIAZE.
7. moment: J7%E(Fd). momentum: & (mv). coefficient of restitution: flf{&E & %X.
viscous force: ¥5#i 17. coefficient of friction: EE#E 2%}
gravity: E /7. normal force: 3 ¥ 77. upthrust: & /1(pgV). density: % .
PROBABILITY
1. BRI E .
@ Bk

A 08, BANA - —B—Bk, BMPAEMA.
LR R — s B E B R B A, B o T T R 1
A B REE%E—AFE, MEBLIRRT, §250 A%, FESHA]
@ FEk:
—¥ n ASH m4 = n1 4 EFE m-1MRTF
RIS, n ERBEHISIISER S m AT DS A TR
L TSI ATERHE T n AARE me B,
S 2 R ;2SR A
L% 18— 3tA DA A B REA 20 AR BEEZ? WA AR SEZ7]
YERE: n RO R, k Z16:
T L AR R RART ) LS L PETEE T T k ) 1
m 4+ n

B 1 Lm0 n 2 BEEEA (

 HALA:

EMPHITRE R —IILR.

[HEREAREE BATD 2, (AB)C&(BA)C; B2 REX, (EE)E&E(EE)]

@ Seor e EHE

XHTREE R ES B KA, fon b RETTREFRKNBEARAS.
REIAFMASEHS B ERRIEASHE & T B8 .
BRRABRAER? BEARAUET AR



® HEREA:

Pra iR RN SR, — /A RIHE R MR A E.

® Hufa ) R

BAg 235, B RBI G ARk —H; BuXFPE H N ERRR E S i7EF —2.

@ BEGE:

RRDNT R B BENT R EFE AR ESRER 2 D H .

2. W TFREZIREE WS R REME, KE4# AR induction/recurrence relation
P =f(P _,,P )R, BlE N CFE L ZJ5EEINARZ. general function TTH
diagonalised matrix >k .

3. &% F#[inclusion and exclusion principle]: A E&E #i>K & E .

4. use Binomial Expansion to calculate probability.

5. symmetry will be useful.

PROOF
1. iEB] statement: IF##5/contradiction/induction[ T H 4 777E n BLE B KB BHEAR H]

2. “find out something” can be “never exist”



2 SR

ot

HA P ’f? substitution, IRBLF LB RA, & RS — LT
LHS = | dx

—n+1+1

2.

EAZHE: fl substitution, IMELLST LARTE, SiE BIHE S B — LI
LHS = f 1-sinx

(1+sinx)(1-sinx)

3.
P8 substitution, MELLS T LHRE, & RIHES B — LT

2

LHS:f sec~Xx dX f sec X dX

(sin®x+2cos?x)sec?x tanZx+2

4.

HATE: FEH
5.
HAB . (sin x)’ = 25inx-cosx, if u = sin2x:

LHS__f 2+(1 u)2 _f2u2 2u+l
%ﬂi&% HEWR2 quadratlc SREL T

1 1
LHS =2 | ————du =7 du
2 f (Qu2-2u+-) )+ 2 f 2(u—%)2+%

6. f Ve +1dx

EA&®H: vaz+1 %‘f&}ﬁ a=sinhx H#& a=tanx

coshu
sinhu

du

if eX = sinhu, exdx 1o = coshu, dx =

f 1+sinh2u
sinhu

LHS = fcosh udu -

du= [cschu +sinhudu

7.

HAPE: WR—KE sinx/cosx ZiR T HEA TR

t= tan— :— lseczf—”—t dx ——dt
X 2 2

LHS = f 1+2t+t dt

s i an trgr, 4 Tt o [} b

AP HEX R

Ry = 1z x7, x7 + y* =1. AEBIHDER: x +y7 =1
B y=x X7, @RHES

—ud

A




HAZE: R turning point, EBULA K LR FHE, smooth
HE: YAy M, Ax 8/, |gradient|fi ok




20 S 1E 1

sinx
X
(D domain/asymptotes/approximation:

W x - 0, HFARFABIET 0, HltA—E% asymptotes. 3% x — 0 Bf, 22X _, 1

X

1.

@ consider sinx as oscillation
@ derivatives/stationary point/zero point:

RF:Z 5153, when stationary point, x = tanx, HILFJHIM x=0 B]E—NBHEFH A

L | P

—— 0 _—

2. x*

@ domain: F880F x, BH i

1
X

@ approximation: x = 0, xInx = Inx —-0,y—1

1 1

b4 x2

® derivatives: 432318 x<e~! and x>e 1R #]

3

0 1 2

1
3. xx

@ domain: 1§8A x, BA K4

W -

@ asymptotes/approximation: x — 0, %Inx — 00 o(-00) = -0, y = 0; X = o, me —-——=>0,y—>1

[y

@ derivatives: turning points at x=0 and x=e

—2

4. xsine
X
.1
Sin—
(D asymptotes/approximation: ¥4 x — o, xsini =— 1

|-

@ consider sin% as oscillation, JCHE X sinx J5H5|x|=1 B K sin%



@ derivatives/stationary point/zero point:

KF 251583, when stationary point, % = tani, HILATHIMN x=1 5FREH S

1

x+sinx
" x—sinx
(D asymptotes/approximation:

x+sinx 1+cosx x+sinx
_’ —

-1

when x — 0, — o0; when x = o,

x—sinx 1-cosx x—-sinx
@ consider sinx as oscillation

@ no zero point

6. x + sin|x|
(D consider sinx as oscillation
@ derivatives: it is always increasing

/

/

Inx

"1-x

D domain/asymptotes/approximation:

W x -1, A FAoEEFELT 0, HlWA—EHR asymptotes. ¥4 x — 1 i}, i'_‘—z — _il — -1

0 1 2 3 4 5

-1

x4-7x2+12
) x*-4x244

(D asymptotes: H: &, asymptotes i AR FE—FE—F—MH



@ iCHEXFPRE—E R smooth !
@ VE(x), f(Vx), f(x?), [£(x)]>H%ME, —EELERS: | wonder what will be the tangent of

zero points

%ﬁu 2_7u+12 ﬁ):f.?%ﬁx 1_7x2412

x%-4x2+4

— | |-

g 4

-5 0 5

9. y2=x2-x4
@ EEXFHELH—E R smooth H!
@ VI (x), f(Vx), f(x?), [£(x)]24 3% F8E, —E B RS | wonderwhat will be the tangent of

zero points

s y=x2-x*, “F!F%ﬁiy2=x2-x4

for x=+1, — J(_ has term —— J(_, f’(x) does not have related term, so totally [Vf(x)]’ has term
1

T’ vertical tangent

for x=0, — J(_ has term , ¥ (x) has term x, so totally [Vf (x)]’ does not have related term,

neither turning point nor vertical tangent

10. y2=x(x+1)(x — 2)%
@ iCEXF R —FE R smooth !
@ Vi (x), f(\/;), f(x2), [f(x)]2HH % H83E, —EE RS | wonder what will be the tangent of

zero points

Seil v=x(x+1)<x -2)% %EE%@J[W b=

— )
for x=-1, — J(_ has term — J(_, f’(x) does not have related term, so totally [Vf(x)]’ has term
1
TaaD’ vertical tangent
for x=0, — J(_ has term — f’(x) does not have related term, so totally [Vf(x)]’ has term i,
X

vertical tangent
(x) has term (x — 2)3, so totally [Vf (x)]’ has term (x-2),

for x=2, —— has ter

" Vi) (
turning point



5

0 \ 5

ber \ !

11, [x|+]y]+|x+y| < 2

D if (x,y) is a solution, so do (-x,-y) and (-y,-x), FTPAUE y=X, y=-X X{#R

HRIEX — R4 e B T I

N i

12, xy (x2-y2) = x2+y?
@ H:EF—M# square, ZE polar form. HAbr2 =—=

sin40

13. x2-2xy-y? =0

D HEP—#: square, %8 polar form

@ HED|—# square, HBE T HESKR

i P

x2-2xy+y? 22y2, (x — y)? 22y?, (x — y)2-2y2 20, (x-y-V2y)(x-y+V2y)=0
[x-(1+V2)y][x-(1-V2)y]=0

so both terms are positive or negative
V2 V2 1 1
(1) x=(1+V2)y, x=(1-V2)y. thus ” 6x2y, - 6x5y

V2 o) 1 1
(2) x<(1+v2)y, x<(1-V2)y. thus = 6x5y, - 6x2y
J5_: polar form
r2c0s20-2r2cos0sin0-r2sin20 >0, cos20-2cosOsinB-sin?0 =0, cos20 =sin20






28 G
1. e RIHH

assume e = %, p and q are co-prime:

1
e=1+—+—-+_+..

1 1 1 . 1 1
Nee = (q!)e = =
(al)ee = (q!)(1 + TRETREETR ...) = integer term + a1t @nay T

. 1 1
< integer term + — + + ...
a+l  (q+1)2

LHS is inteier but RHS is not

if LHS = %, q= ]_[E=1 Kk, LHS not an integer means q/p:
BT RARISERE T 2 BIRIBO2™, WML ZI52™a, 2™ tp 5 R 5]

3. given that x3 +1x? + mx + n = 0, I, m, n are all integers, prove that: if x¢:Z then x¢Q

if x€Q but x¢Z, so x = %, p and q are co-prime and q+1

N

(%)3 + I(%)2 + m% +n=0, p3 +1p3q+mpq?2 + nqg3 =0, p3'= -(Ip%q + mpq? + nq3)

whereas, q‘RHS but q/LHS, so impossible

recall that f(x) = Y a,;x!, so f(19) = a, (mod 19), f(94) = a, (mod 94), F A& x THHET

SN

a, =208

according to ii), P(x,y)=(x-y)Q(x,y), we want to prove that (x-y)|Q(x,y)
P(x,y)=P(y,x), (x-y)Q(x,y)=(y-x)Q(y,x);. Q(x,y)=-Q(y,x) for all x and y
when x=y, Q(x,x)=-Q(x,x), Q(x,x)=0

so x=y is a root of Q(x,y); thus (x-y)|Q(x,y)

o

@ — R UEE BFEIRE: x=0, x=1, x=y, x=-y etc.

@ FEELmHMEE R R TR TR R

Q@ FEumFSE L B E 2 H5E B % R R TR AR

@ FERMEEFN—EL[IEIE degree etc.], 7t HiEFHE EIEM[number of roots is our friend]

when y=0: f(x) = f(x) + f(0), f(0) =0

, f(0+Ax) — £(0)  f(A
R
f'(X) - f(x+A1A£;— f(x) - f(x) + f(AA;() - f(x) - f(AA;() - f,(o)
so f(x) has constant derivatives, f(x) = Ax + B
since f(0) = 0, f(x) = Ax

consider f(e"eV) = f(e"*V) = f(e") + f(eV). if g(x) = f(e*), then g(x+y) = g(x) + g(y)
thus g(x) = Ax, f(x) = AeInx

consider In[f(x+y)] = In[f(x)f(y)] = In[f(x)] + In[f(y)]. if g(x) = In[f(x)], then g(x+y) = g(x) + g(y)
thus g(x) = Ax, f(x) = eA*



if [(x + y)12 = [£(x)1? + [£(y)1?, find f(x)
when y=0: [f(x)]% = [f(x)]? + [£(0)]?, £(0)=0
when x=-y: [f(0)]%? = [f(x)]% + [f(-x)]%2=0,f(x) =0

when y = 0: f(x)f(0) = f(x), f(0) = 1
when x = -y: f(x)f(-x) = f(0) - x2 =1 - x2
H& RHS is degree of 2, assume f(x) = ax + 1. by calculate, f(x) = +=x + 1

P(sin1) = P(sin3) = P(siny) = ...

consider P(x) - P(sin1), it has infinite zero points
but a polynomial only has finite zero points, unless it is a constant

n i
j—0 i X"
since f(x?)=(f (x))?,a, =1
K

i=0
f(x?) = X2 + g(x?) = X274 2, x?
(f(x))? = x" + 2x"g(x) + (g(x))? = x?" + 2a, x"+K 4

so a, =0, impossible since the degree of g(x) is k

assume f(x) = >,

a;x!, f(x) = x™ + g(x), the degree of g(x) is k
Kk

assume g(x) = >,

+ ...

final answer: f(x)=0, or f(x)=1, or f(x)=x"

if a is a root, so does a2. since we only hasfinite roots, a=0, or a=1, or a=ei 3
f(x) = xP(x — 1)9(1 + x + x2)9, Z33HE, p+q HEH

7.

H A BAH: contradiction+i#£5AE

R x,y, zE kIt 2K factor, R A4 (x,y,2) = (a2¥,b2K,c2K)r}, a2+b2+c2=2k+1aphc
HR a, b, c NSRS, B WAL, ME—FF] 883t A (a,b,c)=(0,0,0) T

8. i
@ LA FEEBHE, SRR B —i

n*Z 4+ nY"Z =1, HN common factor, only possibility: n*"2 =nY~% =
9. prove that for any positive integers n>1, n+4" is not a prime

@ WRFFHSHm? + n? for some m, n, LHS = (m? + n?)2 - 2m?n?
in such way, LHS = (2™ + n?)? - 2™+1n? BEE%E n HEFESISHERIR
10.

@ if periodical: f(x+T) - f(x-T) =0

2A«cosxssinT + 2Besin(V2x)+sin(vV2T) = 0

when x=§, then V2 =nI11, T=nT;; when x=0, T=m11; n and m are integers

N | =

- ni - -
since 7 #FmII, impossible

11. calculate
XTRE AN/, 5 BRI LIRA AR
(1+tan1)(1+tan44) = 1 + tan1 + tan44 + tan1.tan44



Since tan45 = _ant ttandd _ 4 4001 +tand4=1-tanl.tan4d4
1 - tanl.tan44

(1+tan1)(1+tan4d4) = 2, FFER KT, HHER

let A=V3 — x, B=Vx + 1. since A2+B2=4, assume A=2siny, B=2cosy, 0<y<g

2siny - 2cosy > %, 2siny > 2cosy + % >0, (2siny)? > (2cosy + %)2

32cos?y + 8cosy - 15< 0
13.

HHE X% blue portion 18047, BF3E blue BJ red
BEMEIE —4%k, SREHILAH blue portion AN, #8 n

$RJ5 clockwisely rotate %, IR rotate 522 J5EREIL A LAY blue portion 1%

IRABREESR 6 KRG, XNREDIRME, K453 blue portion B NCH(6-n)

R, XA, A3 blue portion MUV Z continuous 2L, Pr ATE—EFFTE—2%
LKA DAY B A

14.

© AR RARAFR R, $EZ 5 lim J0 = M0y

Ax—-0

since x—a, we may assume that x=a+Ax
LHS = lim af(a+Ax) — (a+Ax)f(a) = lim [af(a+Ax) =af(a)] — Axf(a) - af’(a) _ f(a)

Ax—0 at+Ax—-a Ax—0 Ax

. f(Ax) — £(0) . A1‘i+2A1~:2-sinAi .
f(0) = lim === ——=lim = lim 1+ 2Ax +sin—=1
Ax Ax =

Ax—0 Ax—0 Ax—-0
15. given that x, y, z are prime numbers, find all possible triples (x,y,2) such that x+y?=4z>
4z2-y2=(2z-y)(2z+y)=x
since x is prime, and 2z+y cannot be 1 as z, y are positive, so 2z-y=1, 2z+y=x

X y z

1 0 2 mod 3

0 1 1 mod 3

2 2 0 mod 3

so one of them must be divisible by 3, meaning that one of them is 3
by trials, (x,y,2z)=(7,3,2) or (11,5,3)



2 AR R

‘
.

O XMTHERMHE/TEFESEE, EE—1 element. X HEEE—4 top
Q@ % ERA AN EERSRA. %BE—1 bottom, B TFHFEEHEE GHREEER.
total 30

O TEEZRERANBE+H BHETERERE, FA—EREE—TEESREANBAESN
indicator, [y H A4S ARERS]— AN E N ER

there are only 2 possible configurations, three blue faces meeting at a point and three blue
faces wrapping around the cube joined edge to edge

@ B ErHEE—FE RN EEREA—FE, HILES A

@ B HmHEA Venn Graph Bl AERE HE— 0N EESEIEFREE]
A
0
al =
010 "
E—EN: B TES. XFER A2 MENR, SFAERER 1R

B AMEN: DS TER. XFER TH93-92FE N, SFEREB 11K
BE=AMEN: B TER. XFAER TF9°-93F &N, SFERER 2K
EIUAEN: B TEE. XMEN FA9-9HEN, SMEILHE 4Kk
=)
000
o |©
e |0
E—EN: ETAAXNR. XAMER TA I AEN, SRERHI 1K

B AE AL _E TR X AMES T A 90-9 BN, BB 2R

B =AE L ZEAXR XS T A 9C- 94 R E S, SRMER B 2K
SEDRE B S ARIRR. XAESL A 92-(9%+9°-9)FriE L, SRMERHEBL 4 1K
4.

KBRS T BB ERAR:
FEXA AR, B Z BT A O element, HILE R n 4~ elements Fl(k-1) Mt FHIHEFI A &

@ T — LR TR A T
H B, SRR B T AT AR 2 DFs s 214 L

4% R,5# U, total (Z)



w A~ OO o

2

1

1st 2nd 3rd 4th

6.

O MNFEMAHBE/TEEERS, BEE—1 element

Q@ BHE—E - FH—1 element; FNEHAE—E — Bk

—3t2 GGGBBBB, Fi1{~ GG RE—EF ABEIER—A element A, H:E group WEBHAH)F
Al G ARBBE—EARESE:B()B()B()B()

% BBBBHEHE A5 G, %iE A5 G 2252 x4x3x6 = 432

4

-——

D A EHMEF Venn Graph T AR Hi45— 55 0 ELIE SR 20 R
RATTH SRR JE DA PR BB R L

WMERAERSE 11 empty month, BTG AZA L1254 2E8: al (112) . 1125

WRRAVERE 24 empty month, FIF RN AZE L0/ ##%: all (122) .1025

E%@J TE—EHEN empty month &, B F month A §EH empty
FRAA TG ER S, ARXRFEE

%) 12-n)25(-1yn-1
n

11
1- zfn=1
8.

1225

@ A L&eHEM Venn Graph 7] AEREE HE AW EEREDEFREE] LHZHH alternative
signs B MR XA B 55 R

XFEEY disarrange, AT —BXHEE R RATE kAR, BREL disarrange (N-k)4

(1) JoRe TR MR HEST, 2R /51%E(N-K)1~ disarrange:

NI NI
(N—K)'k! (N-K)! =17 1

(2) AREH, B element TJRERE B disarrange:
ek 14 element EHI(N %8 disarrange){H2%A disarrange, IR ek K element

ZJE T T HIHES:
NI (N—K)! NI 1
(N—K)'k! (N—k—1)!1! (N-k-Dl=17-7

(3) repeat this step and we will eventually get that number of all situation that k elements
are disarranged is
N! 1 1 (-1N-k

F(“' 1—!+2—!' . (N—)!




given that totally we have N! situations, so the possibility is
AR S MG
k! 1 2! (N—K)!

9. if we flip a coin and generate a sequence of length n, what is the probability that the

number of heads is even?
@ FLBHMEIRPA even, odd SFIEAMPAX 43, NFTEEER binomial expansion & %
@ FLemfk symmetry 7] DA KB H]

75— binomial expansion

P(even number of head) = .. (%)i(%)n_i (I,l)
i

P(odd number of head) = Y. . .. (%)i(%)n_i (I,l)
i

P(even number of head) - P(odd number of head) = (% - %)“

" symmetry

when n is odd, we have two situations: (1) odd H+even T or (2) even H+ odd T

for every specific case in (1), if we turn its H into T and turn its T into H, it will become a
case in (2), with the probability unchanged.

just like a bijection: the possibility for us to get a specific case in(1) equals to the
possibility for us to get a corresponding case in (2)

so, when n is odd, P(even number of head) = % for nis odd
when n is even, consider it as n = k+1, so k is odd
first throw k toss, with the possibility P(even number of head for first k toss) =%

then throw the last toss, with the possibility P(last toss is head) = %

totally P(even number of head) = % for nis even

10. there are 6 ropes in a bag. In each step, two rope ends are picked at random, tied
together and put back into a bag. the process is repeated until there are no free ends. what
is the expected number of loops en at the end of the process?

D M TREBRERE W E FHEME, KFoHET A induction/recurrence relation
Pn=f(Pn—1’Pn—2)ﬁgy&

% E(n)fFE nropes B} expected number of final loops

E(2)R, B2~ 1, A5 ER—1> additional loop, B /EHIAELRT E(1)

E(3)R, S, HSHMER— additional loop, BEEHIAELRT E@)

1 1
E(n) = 01 + E(n-1) = 2E=1m

11. how many ways are there to cover a 2xn rectangular grid with 2x1 tiles?
D M TFRELREZNE T FRERIE, KE2EF AR induction/recurrence relation
Pn=f(Pn—1’Pn—2)ﬁy&

P(n-2)

% P(n)fX# 2xn rectangular grid F* 2x1 tiles FHE




H2mE, Pn) = P(n-1) + P(n-2) = F |
12,

@ M TREBREE T FIHEME, KF4oHWTAM induction/recurrence relation
Pn=f(Pn—1’Pn—2)%yE

assume initial n toss satisfies our condition, for (n+1)th toss:

if nth toss is H, we want T for (n+1)th toss

if nth toss is T, we want H/T for (n+1)th toss

START

after several toss, notice H can only follow T, whereas H can follow bothHand T
we find that for nth toss, the number of His F _,, the numberof Tis F
F F

-1 1
sou, . .=u_-( L el +—"— )
n+1 n tfF L +F, F,_,+F 2

3

—r
.

O A LRHRAIR IEEF AT T AR AR

if P represents the probability that n tosses contain runs of 4 heads
thenP, =P, +(1-P_,)-(5)*
H24T P[E] n-1tosses ¥iF [H] + P[ET n-1tosses DA HHH £, 485 nth toss 2 H]

14.

TrE— BEEEX,_SEX,
E(X,) = PIE(X, _)+1] +alE(X,,_;)+1+E(X )]
MEATHEDA n-1NMESE HIT—E HHIEEHR n-1 2% HE TR THRER]

E(X,_ )+1
E(X, )= a1\

WRE find general form B]PAff] diagnolised matrix: this recurrence relation seems like a
repeated calculation, making me recall the diagnolised matrix

11 gx E(X

(P P)( ( n‘1))=( ( “))

0 1 1 1

11 1 0

@ m=ct YHo Hel b

EX,) 1 1. 10 1 1 E(Xg)
LG, 0% %) Gp 0 0 )

FyET: #E—H TH start anew
E(X,) = a(1+E(X ) + pa(2+E(X ) + pzq(3+E(Xn)) + o + pn_lq(2+E(Xn)) +p™n



F_

D £Fh element HX+—EFEEE, — it pigeon hole

*8a,, a;+a,, a;+ay+ag, ., ajtatagt.ta,
IR pt? term = q'P term (mod n), then pt! term - q'! term is what we want
if all of them are not equal, then one of them k' term = 0 (mod n)

@ XF continuous FIARZRIE L, KiK/INF K R EEIT N ETEA AR _ER TR 2 H a1
H—

AW Z KT =, if x+y+z=1: x<%, y<%, x+y>%, X+y<1

2B A

Xt FHiFARN, a+b?>c?, so:

X“+

(D convert this question into others method using bijection

label frA )5 4, ABCDEFG

MRIGEE row1, row2, row3 E4rEefiif], M columni, column2, ..., column6 | 43Eiftif]

K5 RBEITE [rowl, row2, row3 F4-Hififil] * [columni, column2, ..., columné L4 Hitft
111 AT DATEB) B 4 4. combination 4N

B —B RS RIEE Ay

row: 37 o (=~ 1) (::) (3 -1)7
column: 2?=0 (=1t (f,i) (6 —1i)7
i

total(consider women): [213=0 (=Dt (:.3) @ -i)71* [2f=0 (-1t (?) (6 -1)71*11!
i
18.

consider Normal Distribution: when n is large, binomial expansion tends to be a normal
distribution. for Normal Distribution, peak occurs at the middle



ZIEMRIS®E

1. Rz

a = bcosy + ccosP, aZ = asbecosy + ascecosp
b = acosy + ccosa, b2 = asbecosy + bececosa
c = acosP + bcosa, c2 = ascecosP + bececosa

a2 + b2 = acbecosy + ascecosP + acbscosy + bececosa = c2 + 2a+becosy

c2=a? + b2 - 2a.becosy

2. IE3% e

c -
P

”

\a\\ N\

\
\
\
\
\

C
. h . h . . sinA ' sinB
sinA = 3’ sinB = > h = bsinA = asinB, LS B

1 . 1
S= Eb-c-smA = Ec-h

3. HL¥hi e

e

AC-BD = AB-CD's AD-BC, 3X—Hi4 bl e ORI (LA B BT
4. BRI i — 3055 T DA 1o B BB, 1B Hy LA ]

AB2 = 0A?2 + OB2 - 20A:OB+cos(a — B) = 2 - 2cos(a — B)

[RIZEH]



AB? =DE? + CF? &) B e 3]
= (OD - OE)2 + (OF + 0C)?
= (OAsina — OBsinpB)2 + (OBcosp — OAcosa)?
= (sina — sinB)? + (cosP — cosa)?
=2-2sinasinf - 2cosacosp
cos(a — B) =sinasinP + cosacosf

B o, BRA/ME-XIER AEEI S AR,

In(x+AXx) — Inx
AX

=lim
AX-0

1
= lim —ln(l + 28X ) = lim In(1 +2% )Ax
AX—0 AX AxX—0

1
= lim In(1 +2% )Ax x=1
Ax—-0 X

UEBH Bk y = eX, Iny = x BI'H].

sin(x+Ax) — sinx sinxe.cosAXx + cosxesinAx — sinx

=1lim =lim

Ax-0 AX Ax—-0 AX

s . 2AX
. (cosAx-1) . . —2sin 2 .

=1lim————+sinx +cosx=1im —=+sinx .+ cosx

Ax—-0 AX AXx—0 AX

smﬁ Ax

=lim [ -—- (— 251n—)] esinx + cosx = lim — sulT- sinx + cosx

Ax—-0 > Ax—0
= COSX

E (GOSN I E Wi (i (o)) B 1. i S MBI = AR 1 1%, cos/sin TEWIENAT.

— - ,,’ &
/ // '“‘\\ ";
.‘/1 .'/' ./- :
{ o |: 0 'a
\\ \;\\ //
o S - i~ B &
Area(/AOPQ) = s'mz(r) Area(sectorOPQ) = 5 Area(/AOPR) = mzﬂ
S ST , B FELE sandwich rule 7.
f(x+AX)eg(x+AX) — f(x)eg(x)
AX
= lim [f(xX+AX).g(x+AX) — F(X)g(x+AX) 1+ [f(X)g(x+AX) — F(x)-g(x)]
Ax—-0 AX
= lim[f(x) e g(x +A x) + f(x)g’(x) ] = f'(x)g(x) + f(x)g’(x)
Ax—-0
. f(g(x+Ax)) — f(g(x)) _ f(gx+Ax)) - f(g(x)) gEE+AX) — g(x) ’ ’
=lim =lim . = f'(g(x))*g’(x
st Ax o0 9OHAD) g Ax (9(x))-9"(x)

- X
ift= tanE.



2cosXesin> 2tan> cos2X
2" 2 2 2

. t
sinx = = =———, COSX =
0052§ + sin2§ 1+ tan2§ 1+t

—sin2X - 2X
sin 2_1 tanz_l—tz

tanx = 2t
anx = —=,

0052§ + sinzg 1+ tan2§ 1+t2

: sinhx + coshx = sinhx + Vsinh2x +1=eX,x =In(y + Vy2 + 1)

: coshx + sinhx = coshx + Vcosh2x — 1 =e*,x=In(y + Vy2 — 1)

X _1 1+ 1
— - 2x — @2X _ 2x _ y —
= = ,yo(e +1)_e 1, e = , X =

20 <

e

3 (x-E(X)? _ ¥ x*-2xEX)+[E(X)]* _ ¥ x?
n

- 2E(X) 22 + [E(X)]? = 2;‘2 - 2[E(X)]*+ [E(X)]?

n n

X [E(X)]2

for X~Geo(p), find E(X) and Var(X)

FE—: definition

EX) =3, ipai ! =p3,, ia' " =p Y, ail=p =1

dq™l-qg
2
Var(X) =Y. i’pq'! - [E(X)1? =Y, i(i-Dpg't+ >, ipq"1 -%
2 2
_ iz 1 17 _ o d? ip, 1.1
=pq), ,i(i —1)q +57p pora;[E,_lq 1+2-2
— _[_] 2. 12 -4
PA - * 5 p T2
FE generatmg function
G, (x) =17 EX) = G;'(1),Var(X) = G," (1) + G;'(1) - [G,'(1)]?

J—: definition

EX) =3, gip'q"" (‘.‘) =pX;,ip" g™ (‘i‘) =Pyl + @™ =np(p + @)™ ' =np
Var(X) =Y, i*p'q™~* ( ) - [E(X)]?
= p2 2;1=2 l(l _ l)pi—zqn—i ( . ) + p2?=1 ipi—lqn—i (1.1) _ I12p2

= p? [(p + q)™] + np - n2p? = n(n-1)p?2 + np + n?p?2 = np(np-p+1-np) = npq
H¥E—: generatlng function
G, (x) = (g + pt)*, E(X) = G,'(1), Var(X) = G," (1) + G,'(1) - [G,'(D)]?

you may start by giving some verbal explanations: Var(x) represents the separations
E(aX+b) = 22X - a2 X L B0 _ 4E(X)+b



- 2 _ 2
Var(aX+b) = Z@x*P SECO+h)? S (ax 2ECO)?

Var(X(n)) = Var(%(X1+X2+...+Xn)) = $Var(xl+xz+...+xn) = %[Var(X1)+Var(X2)+...+Var(Xn)]

— 2
az E(X% = aZVar(X)

n 02
= ;VarO() =—
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