LINEAR ALGEBRAIC METHOD AND THE ERDOS-HEILBRONN
CONJECTURE

ABSTRACT. We study the linear algebraic method with an application to additive com-
binatorics. We give a new proof of the Erdds-Heilbronn conjecture.

1. INTRODUCTION

Let p be a prime number. Let A, B be nonempty subsets of Z/pZ. The sumset A + B
is defined as follows

A+B={a+b: ac Abec B}.
The classical Cauchy-Davenport theorem asserts that

where for a finite set C' we use |C| to denote the number of elements in C.
Let

A+B={a+b: a€ Abe B,a#b}.
In 1966 Erdds and Heilbronn [5] proposed the following conjecture.
Conjecture 1.1. Let A be a nonempty subset of Z/pZ. Then one has
|A+A| = min{p, 2|A| - 3}.

This conjecture was first solved by Dias da Silva and Hamidoune [4], who proved the
following general result

Har+ - +a,: ar,...,a, € Aya; # a;j(1 <i<j<n)} >min{p, n|A| —n®+1},
which implies the following result.
Theorem 1.1. Conjecture 1.1 is true.

In 1995 Alon, Nathanson and Ruzsa [2] developed the polynomial method to give a
lower bound for the cardinality of A+B.

Theorem 1.2. Let A, B be nonempty subset of Z/pZ. Suppose that |A| # |B|. Then one
has

A+B| > min{p, |A] +|B| - 2}.
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If we choose A" = A\{ap} with ay € A, then Theorem 1.2 implies | A+A’| > min{p, |A|+
|A’'| — 2} = min{p, 2|A| — 3}. Note that A+A = A+A’. Therefore, the Erdés-Heilbronn
conjecture is a corollary to Theorem 1.2.

There are several important new proofs of the Cauchy-Davenport theorem. One may
refer to Alon [1] for the proof of the Cauchy-Davenport theorem via Combinatorial Null-
stellensatz. Tao [6] gave a new proof of the Cauchy-Davenport theorem via the uncertainty
principle. We can find the development of the Cauchy-Davenport theorem and related
topics in [7]. Das [3] made use of the linear algebraic method to give a new proof of the
Cauchy-Davenport theorem. In this note, we develop the method of Das and give a new
proof of Theorem 1.2.

2. SOME AUXILIARY RESULTS

Let A = {a1,...,an} be a subset of Z/pZ with aq,...,a, pairwise distinct. Let
w(ay),...,w(a,) be a sequence in Z/pZ satisfying w(ay) is nonzero in Z/pZ for some
1 < ¢ < m. We shall say a sequence uy, ..., u, a nonzero sequence if u, # 0 for some
1 << n. Weuse eq(w) to denote the smallest natural number i such that Y77 | w(a;)a]
is nonzero in Z/pZ. We have the following conclusion.

Lemma 2.1. Let A, w and es(w) be as above. Then
ea(w) < |A| — 1.
Proof. 1t is proved by contradiction. Suppose that e4(w) > |A|. This means

Zw(aj)a;l =0 (2.1)

J=1
forall0 <i<m—1.
The (coefficients) matrix M is defined to be

M = (aé»_l)migm. (2.2)
1<j<m
Note that
det(M) =[] (a;—a).
1<i<j<m
Since ay, ..., a, are pairwise distinct in Z/pZ, det(M) is nonzero. Consider the system
of linear equations
Mx =0, (2.3)

where x = (z1,...,2,)" and 0 = (0,...,0)T.

On one hand, (2.3) has only the zero solution due to the fact that det(M) is nonzero.
On the other hand, (w(ay),...,w(ay,))T is a solution to (2.3) in view of (2.1). This is a
contradiction since w(ay) is nonzero in Z/pZ for some 1 < ¢ < m. This completes the
proof. O

The inequality in Lemma 2.1 is sharp since we have the following.
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Lemma 2.2. Let A= {ay,...,a,} be a subset of Z/pZ with m > 2. Then there exists a
nonzero sequence w(ay), ..., w(ay,) such that

ealw) = |A| — 1.

Proof. The proof is similar to that of Lemma 2.1. Let M be as in (2.2). Now consider
the linear equations

Mx =b, (2.4)
where x = (z1,...,7,)7 and b = (0,...,0,1)T. Since det(M) is nonzero, (2.4) has
a unique solution (wy,...,w,)?. Since b is a nonzero vector, (wy,...,w,)? is also a

1y
nonzero vector. In particular, we have w, is nonzero for some 1 < ¢ < m. On choosing

w(a;) = w; for 1 < j < m, we have
Zw(aj)aé =0
=1

for all 0 <7 <m — 2, and

m

Z w(a;)al ™t = 1.

j=1

According to the definition of es(w), we have e4(w) = m — 1 = |A| — 1. This completes

the proof. O
3. PROOF OF THEOREM 1.2

Let A={ay,...,an,} and B = {by,...,b;} be subsets of Z/pZ. Let wy(ay),...,wi(am,)

and wo(by), ..., ws(bg) be two sequences in Z/pZ. For nonnegative integer i, we introduce
a; = a; (A wy) = Zwl(aj)aé (3.5)
j=1
and
3
j=1

Let C'= A+B, and suppose that C' = {ci,...,¢}. For ¢; € C, we define

wie;) = Y wi(a)wa(b)(a—b).

Then we introduce

~+

Yi = 7(C,w) = Zw(cj)cé.
=1
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Lemma 3.1. Let A, B,C and «;, B;,7; be as above. Then

n n
Tn = g C:Lai—i-lﬁn—i_ g C:Laiﬁn—i-l—i-
i=0 =0

Proof. Note that

t

:Zw(cj)c;: & > wi(a)wyb)(a—b) = Y wi(a)wa(b)(a—b)(a+b)".

j=1 acAbeB acA,beB
a+b=c;
Since
(l + b Z Cz an z
we have
Yo=Y wia)wy(b)(a—1b)> Cha'd""
a€AbEB =0

= Z wl(a)UJQ(b)zn:CZlaiJrlbni_ Z wl(a)wQ(b)Zn:CfLaib”Hi.
i=0

acAbeB i=0 a€AbEB
We observe that

S wi(a)u <b>202 sty ZCZ(Zw o) (3w~

acAbeB acA beB

7
=0

Similarly, we also have

Y wila)w ()ZCza’b"Hl ZCZ(ZMI )(Zm(b)bnﬂ—i)

a€AbeB acA beB

i
= Z CraiBnt1—i-
i=0

Now we can conclude from above that

n n
i i
= g Crtip1fBn—i — g i Bry1—i-
i=0 =0

The proof of this lemma is finished. O

Lemma 3.2. Let A, B,C and oy, 5;,7; be as above. Let r,s be monnegative integers.
Assume that a; =0 for 0 <i<r and 5; =0 for 0 <i < s. Then

_ T s
Yr4s+1 = (Cr+s+1 - Cr+5+1>ar+1ﬂs+1
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and
Yo =0 forall 0<n<r+s.

Proof. By Lemma 3.1,
r+s+1 r4+s+1

Vr4s+1 = § +5+1az+1ﬁr+s+1 T E +5+1041/6r+s+2 Iz

Ifi<r—1, theni+1 \randthusoziH:O. Ifz/r—l—l, thenr+s+1—1¢< s and
thus B,1511-; = 0. Therefore, a1 15,4511-; = 0 for all ¢ # r. Then we have
r+s+1

§ ' _
+s+1az+15r+s+1 -1 — Cr+5+1ar+1ﬂs+1~

Similarly, ;B 4si0_i = O for all © # r 4+ 1. Then we have
r+s+1
S
5 +s+1azﬁr+s+2 i r+s+1ar+lﬁs+1'

We conclude from above

_ T s
Vrds+1 = (CT-I—S-H - Cr-‘rs-i-l)a?”-i-lﬁs'i‘l‘

n n
i i
= E CnaiJrlﬁnfi - E Cnaiﬁnﬂﬂ'-

For n < r+s, we have (H—l)—i—( —z) =n+1< 7‘+s—|—1 Then we have other i+1 < r or
n—1<s. Thus, o 16,-; =0 for all 0 <7 < n. Similarly, o;8,11-; =0 for all 0 <7 < n.
Then we conclude that v, =0 for n < r + s.

The proof of this lemma is finished. 0

Lemma 3.3. Suppose that |A| =1 or |B| = 1. Then
|A+B| > min{p, |A| + |B| — 2}.

Proof. Without loss of generality, we can assume that |A| = 1. If | B| = 1, then the desired
inequality holds trivially (although it is possible that A+B = 0). Now we consider the
case |B| > 2. We write A = {ap} and |B| = k. We can find k — 1 distinct elements
by, ...,bg_1 in B such that b; # ag for 1 <7< k — 1.

Note that a0+b1,.. Clo—l-bk 1 € A+B ThUS ‘A—FB‘ k—1= ‘A’—'—‘B’—2 =
min{p, |A|+ |B| — 2}. The proof of this lemma is ﬁnlshed

We have

O

Now we are able to give a new proof of Theorem 1.2. If |[A| 4 |B| —2 > p+ 1, we claim
that there exist nonempty subsets A’ C A and B’ C B such that |A| + |B’ | — 2 — p and
4] £ B

Suppose that |A| + |B| — 2 = p+d with d > 1. We write d; = |d/2] and dy = [d/2].
Clearly, d; + dy = d. Without loss of generality, we assume that |A| < |B|. We choose dy
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elements a,...,a), in A and d; elements b},...,0); in B. Let A" = A\ {a},...,a},} and
B"= B\ {by,...,b) }. From |[A|+ [B| -2 =p+d, we can see that [A| > d+2 > dy + 2.
Thus, A’ is nonempty and |A’| = |A| — dy. Similarly, B’ is nonempty and |B’| = |B| — d;.
We have |A’| < |B'| since |A| < |B| and dy > d;. It is easy to check that |A'| + |B'| —2 =
|A| —dy + |B| —dy — 2 = |A| + |B] — 2+ d = p. Therefore, the above claim is true.

Now it suffices to prove Theorem 1.2 in the case |A|+|B|—2 < p, since if |A|+|B|—2 >
p+1then |[A+B| > |A+B'| > min{p, |A'|+ |B'| — 2} =p =min{p, |4| + |B| - 2}.

From now on, we assume that |A| + |B| —2 < p. Let A = {ay,...,a,} and B =
{b1,...,bx}. We have m + k < p+ 2. In view of Lemma 3.3, we can assume that m > 2
and k > 2. Let C = A+B = {c1,...,¢}. By Lemma 2.2, there exists a nonzero sequence
wy(ay), ..., wi(ay,) such that

ealw)) =Al—1=m—1. (3.7)
Also, there exists a nonzero sequence wy(by), ..., wy(by) such that
eg(wy) =|B|—1=Fk—1. (3.8)

Recalling the definitions of a; := «;(A,w;) and B; := B;(B, ws), we conclude from (3.7)
and (3.8) that ; =0for 0 < i <m—2, 1 #0, 5, =0for 0 <i < k—2and B #0.
Applying Lemma 3.2 with » = m — 2 and s = k — 2, we obtain

m—2

Vmtk-3 = (Cm—i—k—?) - 07];:-2k—3)am*1ﬁk*1'

Since m +k —3 < p—1 and m # k, we have C’:ﬁ:,ff?) — 05;21@73 # 0 (mod p). Note
that «,,_10k_1 is nonzero, we have ¥,,.x_3 # 0. By Lemma 3.2, we also have 7, = 0 for
0<n<m+k—4.

Therefore, m+k — 3 is the smallest natural number i such that 22:1 w(c;)c; is nonzero.
According to the definition of ec(w), we have ec(w) = m + k — 3.

We apply Lemma 2.1 to the set C' to conclude that ec(w) < |C| — 1. Now we obtain
|C| > ec(w)+1 = m+k—2. This proves |A+B| > |A| +|B| —2 = min{p, |A|+|B|—2}.
The proof of Theorem 1.2 is finished.
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