
LINEAR ALGEBRAIC METHOD AND THE ERDŐS-HEILBRONN
CONJECTURE

Abstract. We study the linear algebraic method with an application to additive com-
binatorics. We give a new proof of the Erdős-Heilbronn conjecture.

1. Introduction

Let p be a prime number. Let A,B be nonempty subsets of Z/pZ. The sumset A+B
is defined as follows

A+B = {a+ b : a ∈ A, b ∈ B}.
The classical Cauchy-Davenport theorem asserts that

|A+B| > min{p, |A|+ |B| − 1},

where for a finite set C we use |C| to denote the number of elements in C.
Let

A+̇B = {a+ b : a ∈ A, b ∈ B, a 6= b}.
In 1966 Erdős and Heilbronn [5] proposed the following conjecture.

Conjecture 1.1. Let A be a nonempty subset of Z/pZ. Then one has

|A+̇A| > min{p, 2|A| − 3}.

This conjecture was first solved by Dias da Silva and Hamidoune [4], who proved the
following general result

|{a1 + · · ·+ an : a1, . . . , an ∈ A, ai 6= aj(1 6 i < j 6 n)}| > min{p, n|A| − n2 + 1},

which implies the following result.

Theorem 1.1. Conjecture 1.1 is true.

In 1995 Alon, Nathanson and Ruzsa [2] developed the polynomial method to give a
lower bound for the cardinality of A+̇B.

Theorem 1.2. Let A,B be nonempty subset of Z/pZ. Suppose that |A| 6= |B|. Then one
has

|A+̇B| > min{p, |A|+ |B| − 2}.
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If we choose A′ = A\{a0} with a0 ∈ A, then Theorem 1.2 implies |A+A′| > min{p, |A|+
|A′| − 2} = min{p, 2|A| − 3}. Note that A+̇A = A+̇A′. Therefore, the Erdős-Heilbronn
conjecture is a corollary to Theorem 1.2.

There are several important new proofs of the Cauchy-Davenport theorem. One may
refer to Alon [1] for the proof of the Cauchy-Davenport theorem via Combinatorial Null-
stellensatz. Tao [6] gave a new proof of the Cauchy-Davenport theorem via the uncertainty
principle. We can find the development of the Cauchy-Davenport theorem and related
topics in [7]. Das [3] made use of the linear algebraic method to give a new proof of the
Cauchy-Davenport theorem. In this note, we develop the method of Das and give a new
proof of Theorem 1.2.

2. Some auxiliary results

Let A = {a1, . . . , am} be a subset of Z/pZ with a1, . . . , am pairwise distinct. Let
w(a1), . . . , w(am) be a sequence in Z/pZ satisfying w(a`) is nonzero in Z/pZ for some
1 6 ` 6 m. We shall say a sequence u1, . . . , un a nonzero sequence if u` 6= 0 for some
1 6 ` 6 n. We use eA(w) to denote the smallest natural number i such that

∑m
j=1w(aj)a

i
j

is nonzero in Z/pZ. We have the following conclusion.

Lemma 2.1. Let A, w and eA(w) be as above. Then

eA(w) 6 |A| − 1.

Proof. It is proved by contradiction. Suppose that eA(w) > |A|. This means
m∑
j=1

w(aj)a
i
j = 0 (2.1)

for all 0 6 i 6 m− 1.
The (coefficients) matrix M is defined to be

M = (ai−1j )16i6m
16j6m

. (2.2)

Note that
det(M) =

∏
16i<j6m

(aj − ai).

Since a1, . . . , am are pairwise distinct in Z/pZ, det(M) is nonzero. Consider the system
of linear equations

Mx = 0, (2.3)

where x = (x1, . . . , xn)T and 0 = (0, . . . , 0)T .
On one hand, (2.3) has only the zero solution due to the fact that det(M) is nonzero.

On the other hand, (w(a1), . . . , w(am))T is a solution to (2.3) in view of (2.1). This is a
contradiction since w(a`) is nonzero in Z/pZ for some 1 6 ` 6 m. This completes the
proof. �

The inequality in Lemma 2.1 is sharp since we have the following.
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Lemma 2.2. Let A = {a1, . . . , am} be a subset of Z/pZ with m > 2. Then there exists a
nonzero sequence w(a1), . . . , w(am) such that

eA(w) = |A| − 1.

Proof. The proof is similar to that of Lemma 2.1. Let M be as in (2.2). Now consider
the linear equations

Mx = b, (2.4)

where x = (x1, . . . , xn)T and b = (0, . . . , 0, 1)T . Since det(M) is nonzero, (2.4) has
a unique solution (w1, . . . , wn)T . Since b is a nonzero vector, (w1, . . . , wn)T is also a
nonzero vector. In particular, we have w` is nonzero for some 1 6 ` 6 m. On choosing
w(aj) = wj for 1 6 j 6 m, we have

m∑
j=1

w(aj)a
i
j = 0

for all 0 6 i 6 m− 2, and
m∑
j=1

w(aj)a
m−1
j = 1.

According to the definition of eA(w), we have eA(w) = m− 1 = |A| − 1. This completes
the proof. �

3. Proof of Theorem 1.2

Let A = {a1, . . . , am} and B = {b1, . . . , bk} be subsets of Z/pZ. Let w1(a1), . . . , w1(am)
and w2(b1), . . . , w2(bk) be two sequences in Z/pZ. For nonnegative integer i, we introduce

αi := αi(A,w1) =
m∑
j=1

w1(aj)a
i
j (3.5)

and

βi := βi(B,w2) =
k∑

j=1

w2(bj)b
i
j. (3.6)

Let C = A+̇B, and suppose that C = {c1, . . . , ct}. For cj ∈ C, we define

w(cj) =
∑

a∈A,b∈B
a+b=cj

w1(a)w2(b)(a− b).

Then we introduce

γi := γi(C,w) =
t∑

j=1

w(cj)c
i
j.
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Lemma 3.1. Let A,B,C and αi, βi, γi be as above. Then

γn =
n∑

i=0

Ci
nαi+1βn−i −

n∑
i=0

Ci
nαiβn+1−i.

Proof. Note that

γn =
t∑

j=1

w(cj)c
n
j =

t∑
j=1

cnj
∑

a∈A,b∈B
a+b=cj

w1(a)w2(b)(a− b) =
∑

a∈A,b∈B

w1(a)w2(b)(a− b)(a+ b)n.

Since

(a+ b)n =
n∑

i=0

Ci
na

ibn−i,

we have

γn =
∑

a∈A,b∈B

w1(a)w2(b)(a− b)
n∑

i=0

Ci
na

ibn−i

=
∑

a∈A,b∈B

w1(a)w2(b)
n∑

i=0

Ci
na

i+1bn−i −
∑

a∈A,b∈B

w1(a)w2(b)
n∑

i=0

Ci
na

ibn+1−i.

We observe that∑
a∈A,b∈B

w1(a)w2(b)
n∑

i=0

Ci
na

i+1bn−i =
n∑

i=0

Ci
n

(∑
a∈A

w1(a)ai+1
)(∑

b∈B

w1(b)b
n−i
)

=
n∑

i=0

Ci
nαi+1βn−i.

Similarly, we also have∑
a∈A,b∈B

w1(a)w2(b)
n∑

i=0

Ci
na

ibn+1−i =
n∑

i=0

Ci
n

(∑
a∈A

w1(a)ai
)(∑

b∈B

w1(b)b
n+1−i

)
=

n∑
i=0

Ci
nαiβn+1−i.

Now we can conclude from above that

γn =
n∑

i=0

Ci
nαi+1βn−i −

n∑
i=0

Ci
nαiβn+1−i.

The proof of this lemma is finished. �

Lemma 3.2. Let A,B,C and αi, βi, γi be as above. Let r, s be nonnegative integers.
Assume that αi = 0 for 0 6 i 6 r and βi = 0 for 0 6 i 6 s. Then

γr+s+1 =
(
Cr

r+s+1 − Cs
r+s+1

)
αr+1βs+1
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and
γn = 0 for all 0 6 n 6 r + s.

Proof. By Lemma 3.1,

γr+s+1 =
r+s+1∑
i=0

Ci
r+s+1αi+1βr+s+1−i −

r+s+1∑
i=0

Ci
r+s+1αiβr+s+2−i.

If i 6 r − 1, then i + 1 6 r and thus αi+1 = 0. If i > r + 1, then r + s + 1 − i 6 s and
thus βr+s+1−i = 0. Therefore, αi+1βr+s+1−i = 0 for all i 6= r. Then we have

r+s+1∑
i=0

Ci
r+s+1αi+1βr+s+1−i = Cr

r+s+1αr+1βs+1.

Similarly, αiβr+s+2−i = 0 for all i 6= r + 1. Then we have
r+s+1∑
i=0

Ci
r+s+1αiβr+s+2−i = Cs

r+s+1αr+1βs+1.

We conclude from above

γr+s+1 =
(
Cr

r+s+1 − Cs
r+s+1

)
αr+1βs+1.

We have

γn =
n∑

i=0

Ci
nαi+1βn−i −

n∑
i=0

Ci
nαiβn+1−i.

For n 6 r+s, we have (i+1)+(n− i) = n+1 6 r+s+1. Then we have other i+1 6 r or
n− i 6 s. Thus, αi+1βn−i = 0 for all 0 6 i 6 n. Similarly, αiβn+1−i = 0 for all 0 6 i 6 n.
Then we conclude that γn = 0 for n 6 r + s.

The proof of this lemma is finished. �

Lemma 3.3. Suppose that |A| = 1 or |B| = 1. Then

|A+̇B| > min{p, |A|+ |B| − 2}.

Proof. Without loss of generality, we can assume that |A| = 1. If |B| = 1, then the desired
inequality holds trivially (although it is possible that A+̇B = ∅). Now we consider the
case |B| > 2. We write A = {a0} and |B| = k. We can find k − 1 distinct elements
b1, . . . , bk−1 in B such that bi 6= a0 for 1 6 i 6 k − 1.

Note that a0 + b1, . . . , a0 + bk−1 ∈ A+̇B. Thus, |A+̇B| > k − 1 = |A| + |B| − 2 =
min{p, |A|+ |B| − 2}. The proof of this lemma is finished.

�

Now we are able to give a new proof of Theorem 1.2. If |A|+ |B| − 2 > p+ 1, we claim
that there exist nonempty subsets A′ ⊂ A and B′ ⊂ B such that |A′| + |B′| − 2 = p and
|A′| 6= |B′|.

Suppose that |A| + |B| − 2 = p + d with d > 1. We write d1 = bd/2c and d2 = dd/2e.
Clearly, d1 + d2 = d. Without loss of generality, we assume that |A| < |B|. We choose d2
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elements a′1, . . . , a
′
d2

in A and d1 elements b′1, . . . , b
′
d1

in B. Let A′ = A \ {a′1, . . . , a′d2} and
B′ = B \ {b′1, . . . , b′d1}. From |A|+ |B| − 2 = p+ d, we can see that |A| > d+ 2 > d2 + 2.
Thus, A′ is nonempty and |A′| = |A| − d2. Similarly, B′ is nonempty and |B′| = |B| − d1.
We have |A′| < |B′| since |A| < |B| and d2 > d1. It is easy to check that |A′|+ |B′| − 2 =
|A| − d2 + |B| − d1 − 2 = |A|+ |B| − 2 + d = p. Therefore, the above claim is true.

Now it suffices to prove Theorem 1.2 in the case |A|+ |B|−2 6 p, since if |A|+ |B|−2 >
p+ 1 then |A+̇B| > |A′+̇B′| > min{p, |A′|+ |B′| − 2} = p = min{p, |A|+ |B| − 2}.

From now on, we assume that |A| + |B| − 2 6 p. Let A = {a1, . . . , am} and B =
{b1, . . . , bk}. We have m + k 6 p + 2. In view of Lemma 3.3, we can assume that m > 2
and k > 2. Let C = A+̇B = {c1, . . . , ct}. By Lemma 2.2, there exists a nonzero sequence
w1(a1), . . . , w1(am) such that

eA(w1) = |A| − 1 = m− 1. (3.7)

Also, there exists a nonzero sequence w2(b1), . . . , w2(bk) such that

eB(w2) = |B| − 1 = k − 1. (3.8)

Recalling the definitions of αi := αi(A,w1) and βi := βi(B,w2), we conclude from (3.7)
and (3.8) that αi = 0 for 0 6 i 6 m− 2, αm−1 6= 0, βi = 0 for 0 6 i 6 k− 2 and βk−1 6= 0.

Applying Lemma 3.2 with r = m− 2 and s = k − 2, we obtain

γm+k−3 =
(
Cm−2

m+k−3 − C
k−2
m+k−3

)
αm−1βk−1.

Since m + k − 3 6 p − 1 and m 6= k, we have Cm−2
m+k−3 − Ck−2

m+k−3 6≡ 0 (mod p). Note
that αm−1βk−1 is nonzero, we have γm+k−3 6= 0. By Lemma 3.2, we also have γn = 0 for
0 6 n 6 m+ k − 4.

Therefore, m+k−3 is the smallest natural number i such that
∑t

j=1w(cj)c
i
j is nonzero.

According to the definition of eC(w), we have eC(w) = m+ k − 3.
We apply Lemma 2.1 to the set C to conclude that eC(w) 6 |C| − 1. Now we obtain
|C| > eC(w) + 1 = m+k−2. This proves |A+̇B| > |A|+ |B|−2 = min{p, |A|+ |B|−2}.
The proof of Theorem 1.2 is finished.
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