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ABSTRACT. Two foundational results in additive combinatorics
are the Cauchy—Davenport theorem and the Erdés—Heilbronn the-
orem. They give lower bounds for the size of sumsets and restricted
sumsets over finite fields modulo primes. In this note, we develop
Das’s linear algebraic method and give a new elementary proof of
the Alon—Nathanson—Ruzsa theorem for restricted sumsets. This
directly implies the Erd6s—Heilbronn theorem. Compared with the
classical polynomial method via Combinatorial Nullstellensatz, our
proof uses only basic linear algebra over finite fields, including Van-
dermonde matrices and solvability of linear systems.

1. INTRODUCTION

Additive combinatorics is a central branch of combinatorial number
theory, focusing on the additive structure of subsets of integers and
finite fields [7]. A foundational problem in this field is to give sharp
lower bounds for the cardinality of sumsets, which has wide applications
in number theory, combinatorics, and theoretical computer science.

Let p be a prime number, and let Z/pZ denote the finite field of
integers modulo p. For nonempty subsets A, B of Z/pZ, the classical
sumset is defined as

A+B={a+b: a€ Abec B}.

The celebrated Cauchy-Davenport theorem, a cornerstone of additive
combinatorics, gives a tight lower bound for the size of such sumsets:

A+ B| > min{p, |A]+|B| - 1}.

In 1964, Erdés and Heilbronn proposed a famous conjecture for the
so-called restricted sumset, where the summands are required to be dis-
tinct [5]. For nonempty subsets A, B of Z/pZ, we define the restricted
sumset as

A+B={a+b: a€ Abe B,a#b}.
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The Erdos-Heilbronn conjecture states that for any nonempty subset
A of Z/pZ,
|A+A| = min{p, 2|A| — 3}.

This conjecture remained open for 30 years, until it was first proven
by Dias da Silva and Hamidoune in 1994, using tools from exterior
algebra and representation theory [4]. In 1995, Alon, Nathanson and
Ruzsa developed the polynomial method, specifically the Combinato-
rial Nullstellensatz [2, 1], to give a simpler proof of a more general
result: for nonempty subsets A, B of Z/pZ with |A| # | B,

|A+B| > min{p, |A| + |B| — 2}.

This general result directly implies the original Erdés-Heilbronn con-
jecture as a corollary.

In the decades since, multiple new proofs of the Cauchy-Davenport
theorem and the Erdds-Heilbronn conjecture have been developed, us-
ing tools ranging from harmonic analysis to the uncertainty principle
on finite cyclic groups [6]. In 2004, Das introduced a linear algebraic
method to give a new proof of the Cauchy-Davenport theorem, relying
only on elementary linear algebra over finite fields [3]. In this note, we
extend Das’s linear algebraic approach to give a new, elementary proof
of the Alon-Nathanson-Ruzsa theorem for restricted sumsets. Com-
pared with existing proofs, our method requires no advanced algebraic
or combinatorial machinery, only standard undergraduate-level linear
algebra, including Vandermonde matrices and the solvability of linear
systems over finite fields.

The rest of this paper is organized as follows. Section 2 collects the
preliminary definitions and auxiliary lemmas that form the foundation
of our proof. Section 3 states our main results, including the main
theorem and its direct corollary, the Erdés-Heilbronn theorem. The
complete proof of the main theorem is presented in Section 4. We
conclude with some brief remarks and directions for future work in
Section 5.

2. PRELIMINARIES

In this section, we introduce the core definitions and auxiliary lem-
mas used throughout the paper. All sets are assumed to be nonempty
subsets of Z/pZ, where p is a fixed prime number. For a finite set S,
we write |S| for the cardinality (number of elements) of S.

Let A = {a1,...,an} be a subset of Z/pZ with a4, ..., a, pairwise
distinct. Let w(aq), ..., w(ay) be a sequence in Z/pZ satisfying w(ay)
is nonzero in Z/pZ for some 1 < ¢ < m. We shall say a sequence
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Uy, ..., U, a nonzero sequence if uy # 0 for some 1 < ¢ < n. We use
ea(w) to denote the smallest natural number 7 such that » 7" | w(a;)aj
is nonzero in Z/pZ. We have the following conclusion.

Lemma 2.1. Let A, w and eq(w) be as above. Then
ealw) < |A| — 1.

Proof. 1t is proved by contradiction. Suppose that e4(w) > |A|. This

means
m

Zw(aj)a;: =0 (2.1)
j=1
forall0 <i<m—1.
The (coefficients) matrix M is defined to be

M = (a5 ) 1<icm. (2.2)
1<jsm
Note that
det(M) =[] (a;—ai).
1<i<j<m
Since aq, . . . , a,, are pairwise distinct in Z/pZ, det(M) is nonzero. Con-
sider the system of linear equations
Mx =0, (2.3)
where x = (21,...,2,,)7 and 0 = (0,...,0)T.
On one hand, (2.3) has only the zero solution due to the fact that
det(M) is nonzero. On the other hand, (w(ay),...,w(a,))" is a so-

lution to (2.3) in view of (2.1). This is a contradiction since w(ay) is
nonzero in Z/pZ for some 1 < ¢ < m. This completes the proof. 0

The inequality in Lemma 2.1 is sharp since we have the following.

Lemma 2.2. Let A = {ay,...,an} be a subset of Z/pZ with m > 2.

Then there exists a nonzero sequence w(ay), ..., w(a,,) such that
ealw) =|A] — 1.

Proof. The proof is similar to that of Lemma 2.1. Let M be as in (2.2).

Now consider the linear equations

Mx = b, (2.4)
where x = (x1,...,2,)7 and b = (0,...,0,1)%. Since det(M) is
nonzero, (2.4) has a unique solution (wy, . .., w,,)’. Since b is a nonzero

T

vector, (wi,...,w,)" is also a nonzero vector. In particular, we have



4 GUANZHONG YANG

wy is nonzero for some 1 < ¢ < m. On choosing w(a;) = w; for
1 <5 <m, we have

forall 0 <7< m—2, and

According to the definition of e4(w), we have eq(w) = m—1 = |A|—1.
This completes the proof. 0

3. MAIN RESULTS

In this section, we state our main results, including the general lower
bound for restricted sumsets (the Alon-Nathanson-Ruzsa theorem) and
its direct corollary, the Erdos-Heilbronn theorem. We continue to work
over the finite field Z/pZ for a fixed prime p, with all sumset notation
consistent with Section 1.

Theorem 3.1 (Main Theorem). Let A and B be nonempty subsets of
Z7.)pZ with |A| # |B|. Then the cardinality of the restricted sumset
satisfies

|A+B| > min{p, |A| + |B| — 2}.

This main theorem directly implies the classical Erdds-Heilbronn
conjecture, which we state formally as a corollary below.

Corollary 3.1 (Erdés-Heilbronn Theorem). Let A be a nonempty sub-
set of Z/pZ. Then

|A+A| > min{p, 2|A| - 3}.
Proof. Fix any element ag € A, and define A” = A\ {ap}. Then
|A| # |A'|, and it is straightforward to verify that A+A = A+A": any
sum a + b with a,b € A and a # b can be written as a sum of an

element from A and an element from A’ with distinct summands, and
vice versa. Applying the Main Theorem to the pair (A, A’), we get

|A+A| = |A+A'| > min{p, |A| +|A4'| — 2}
= min{p, [A| + (|A] —1) — 2}
= min{p, 2|A| -3},
which completes the proof. 0
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Our proof of the Main Theorem, presented in the next section, uses
only the elementary linear algebraic tools established in Section 2. This
gives a more accessible proof of the Erdds-Heilbronn theorem, avoid-
ing the advanced combinatorial and algebraic machinery used in prior
arguments.

4. PROOF OF THE MAIN THEOREM

In this section, we give the complete proof of the Main Theorem
using the linear algebraic tools from Section 2. We split the proof into
several auxiliary lemmas, followed by the final argument for the main
result.

Let A={ay,...,a,} and B = {by,...,b;} be subsets of Z/pZ. Let

wi(ay), ..., wi(ay,) and wy(by), ..., wa(by) be two sequences in Z/pZ.
For nonnegative integer ¢, we introduce

o% (A wy) Zwl a;)a (4.5)
and

Bi == Bi(B,w2) Zw2 (4.6)

Let C = A+B, and suppose that C ={c1,...,a}. For¢; € C, we
define

wie;) = Y wi(a)wa(b)(a—Db).

Then we introduce
t

= %<va> = ZU)(CJ‘)C]

Lemma 4.1. Let A, B,C and o, B;,7; be as above. Then

n n
i i
= g Cnai+1ﬁn—z‘ - g Cnaiﬁnﬂ—i«
i=0 i=0
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P?”OOf, Note that

= j=1  a€AbEB
a+b:cj
= 2 w@uab)(a=b)a+b)"

a€AbeB

Since n
(a’ + b)n = Z C;Lajlbn_z7
1=0

we have

a€AbeB —
n
_ Z w1 (CI/)wQ(b) Z Czaibn+1,i.
acAbeB =

We observe that

Z w1 (a)w2(b) i O,iai'i'lb”—i
1=0

acAbeB

i Z Cr(Zm@a) (2 we)

acA beB
n
i
i=0
Similarly, we also have

Z wy(a)ws(b) i Ci g1
=0

acAbeB

) Z—: Ca( D wila)a’) (3 waltypr )

acA e B

n
i
- Z Ch0iBnyii
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Now we can conclude from above that
Tn = Z C;Oéiﬂﬁn—i - Z Orilaiﬁn-‘rl—i-
i=0 i=0

The proof of this lemma is finished. 0

Lemma 4.2. Let A, B,C and «;, 53;,7; be as above. Let r,s be mon-
negative integers. Assume that a; = 0 for 0 < i < r and B; = 0 for
0<i<s. Then

_ r s
Trts+l = (CT+S+1 - Cr+s+1>ar+lﬂs+1

and
Yo =0 forall 0<n<r+s.

Proof. By Lemma 4.1,
r+s+1 r+s+1

Vr4s+1 = Cr+3+1ai+1ﬁr+s+1fi - Cr+5+1aiﬁr+s+27i-
=0 i=0

Ifi <r—1,then i+ 1< r and thus ;.1 = 0. If ¢ > r 4+ 1, then
r+s+1—1i<sand thus §,,5,1; = 0. Therefore, o; 16,1511 =0
for all ¢ # r. Then we have

r+s+1

7 _ T
E Or+5+1ai+15r+s+l—i - Cr+s+105r+lﬂs+l-
i=0
Similarly, o;8;1s12-; = 0 for all i # r + 1. Then we have
r+s+1

7 _ S
E Cris1QiBrisra—i = Oy g 110118541

i=0
We conclude from above
_ (s S
Vrtstl = (Cr+s+1 - Cr+s+1>&7“+163+1'

We have
n n
i i
Tn = g Cnai+1ﬁn—z’ - E Cn%ﬂnﬂ—i-
i=0 i=0

Forn <r+s,wehave (i+1)+ (n—i) =n+1<r+s+ 1. Then
we have other 1t +1 < r or n — i < s. Thus, a;118,—; = 0 for all
0 <@ < n. Similarly, «;8,+1-; = 0 for all 0 < ¢ < n. Then we conclude
that v, =0 for n < r +s.

The proof of this lemma is finished. U

Lemma 4.3. Suppose that |A| =1 or |B| = 1. Then
A+B| > min{p, |4+ |B] -2},
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Proof. Without loss of generality, we can assume that |A| = 1. If |B| =
1, then the desired inequality holds trivially (although it is possible that
A+B = (). Now we consider the case |B| > 2. We write A = {ao}
and |B| = k. We can find k — 1 distinct elements by, ..., bx_; in B such
thatbz#aoforlézék—l
Note that ag + by,...,a9 + b1 € A+B. Thus, |[A+B| > k-1 =
|A| + |B| — 2 = min{p, |A| + |B| — 2}. The proof of this lemma is
finished.
0

Now we are able to prove the Main Theorem. If |A|+|B|—2 > p+1,
we claim that there exist nonempty subsets A’ C A and B’ C B such
that |A’| + |B'| — 2 =p and |A'| # |B/|.

Suppose that |A| + |B| —2 = p+d with d > 1. We write d; = |d/2]
and dy = [d/2]. Clearly, dy + dy = d. Without loss of generality,
we assume that |A| < [B|. We choose dy elements a,...,a; in A
and d; elements by, ...,0; in B. Let A= A\ {d},...,a,,} and B’ =
B\ A{by,...,by }. From [A| +|B| —2 = p+d, we can see that |A| >
d+2 > dy+2. Thus, A’ is nonempty and |A’| = |A|—ds. Similarly, B’ is
nonempty and |B’| = |B| —d;. We have |A’| < |B'| since |A| < |B| and
dy > dy. Tt is easy to check that |A'|+|B'|—2 = |A|—dy+|B|—d1—2 =
|A| + |B| — 2+ d = p. Therefore, the above claim is true.

Now it suffices to prove the Main Theorem in the case |A|+|B|—2 <
p, since if |A|+|B| —2 > p+1 then |A+B| > |A'+B'| > min{p, |A'|+
|B| — 2} = p = min{p, 4] +|B| —2}.

From now on, we assume that |A|+|B|—2 < p. Let A = {ay,...,an}
and B = {by,...,b;}. We have m+k < p+2. In view of Lemma 4.3, we
can assume that m > 2 and k > 2. Let C = A+B = {cy,...,¢}. By

Lemma 2.2, there exists a nonzero sequence wi(ay), ..., wi(a,,) such
that
ealw)) =1A—1=m— 1. (4.7)
Also, there exists a nonzero sequence ws(by), ..., wy(by) such that
ep(we) =|B| —1=Fk—1. (4.8)

Recalling the definitions of «; := a;(A,wy) and §; = 5;(B,ws), we
conclude from (4.7) and (4.8) that a; = 0 for 0 < i < m—2, a1 # 0,
ﬁzzofornggk—Qandﬁk_l#O

Applying Lemma 4.2 with r = m — 2 and s = k — 2, we obtain

o m—2 k—2
Vmtk-3 = (Cm+k—3 - Cm—i—k—S)am*lﬂk*l‘



LINEAR ALGEBRAIC METHOD AND THE ERDOS-HEILBRONN CONJECTURE

Since m 4+ k —3 < p—1and m # k, we have C/" 0 o — Ch2 o # 0
(mod p). Note that a,,—10k—1 is nonzero, we have ,,1x—3 # 0. By
Lemma 4.2, we also have 7, =0 for 0 <n <m+ k — 4.

Therefore, m + k — 3 is the smallest natural number ¢ such that

22:1 w(cj)c§- is nonzero. According to the definition of ec(w), we have

ec(w) =m+k — 3.

We apply Lemma 2.1 to the set C' to conclude that ec(w) < |C] — 1.
Now we obtain |C| > ec(w) + 1 = m + k — 2. This proves |A+B| >
|A|+|B| —2 = min{p, |A|+|B|—2}. The proof of the Main Theorem
is finished.

5. CONCLUDING REMARKS

In this note, we developed the linear algebraic method initiated by
Das to give a new, elementary proof of the Alon-Nathanson-Ruzsa the-
orem for restricted sumsets, which directly implies the classical Erdos—
Heilbronn conjecture. Unlike prior proofs that rely on the Combina-
torial Nullstellensatz, exterior algebra, or harmonic analysis, our argu-
ment uses only standard undergraduate linear algebra over finite fields,
making the result more accessible to a broader audience.

There are several natural directions for future work. First, it would
be interesting to extend this linear algebraic approach to more general
restricted sumset results, for example the Dias da Silva—Hamidoune
theorem for sums of n distinct elements. Second, our method is cur-
rently restricted to sumsets over finite fields of prime order. It remains
open whether this framework can be adapted to give lower bounds for
sumsets over composite moduli or more general abelian groups. Finally,
this approach may have applications to other problems in additive com-
binatorics, such as the Erdos—Szemerédi theorem on sum-product sets,
which we leave for future investigation.
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