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1. abstract

| confirm the tightness of a conjecture in Wocjan and Elphick (2013) [3]
about a lower bound of the chromatic number of a graph with the help of
matrix analysis.

2. Introduction

In this note, G is a simple graph with N = 1 vertices, A refers to its
adjacency matrix, and x(G) represents its chromatic number, which is the
smallest number of colors needed to color the vertices so that no two
adjacent vertices share the same color.

Since Ag is a real symmetric matrix, according to Spectral Theorem, it has
real eigenvalues and its eigenvectors can be chosen to be orthonormal.

Definition 1.1 For a matrix with all real eigenvalues, we denote all its
eigenvalues by uy, ..., Uy, in @ non-increasing order, with the first m
eigenvalues being positive and last é eigenvalues being negative(counting
multiplicities). In such way, st and s~ are defined as
st +yb+ ...+ 12,
ST 1= Uf—ss1 + Mi—ss2 + o+ HR-

Although Ando and Lin(2015) [1] has proven that
+ -
x(G) =1+ max{z—_,:—+ :
whether this inequality is tight seems not to be known. The purpose of
this note is to provide a brief answer for this question by showing that the

equality of (1.1) holds for certain kinds of graphs.

Definition 1.2 For a n-partite graph G, its vertex set Vcan be partitioned
into m pairwise disjoint subsets V4, V, ..., V,(where V; N V; =@ for i # j)
such that every edge (u, v) € E connects vertices from different subsets.
For a n-partite graph G, it is defined as a symmetric n-partite graph if and

only if
| Val=|Va| =cc= |Vl =t Vi={y:lsj <t

- the vertices of G can be numbered in a way that, if forsome 1 < jq,j2 < ¢,

1<y, iy <n, iy # iy vy, isadjacent to v;,;,, then forall1< 1, l; <n,
ly # by, vy, is adjacent to vy,

Definition 1.3 For a symmetric n-partite graph G with cardinality |V;| =t
for each subset, its detail matrix M = M(G) is defined as, for 1 < j1, j» <t
b;,j, = 1if and only if vy}, is adjacent to vy,

Theorem 1.1 The equality of (1.1) holds for G if G is a bipartite graph or a
symmetric n-partite graph with its detail matrix M = M(G) being positive
semidefinte.

Definition 1.4 For a matrix A with all real eigenvalues, we denote all its
eigenvalues by W4, ..., iy, in @ non-increasing order, with the first
eigenvalues being positive and last & eigenvalues being negative(counting
multiplicities). In such way, we define its corresponding positive-eigen
matrix B = B(A) and negative-eigen matrix C = C(A) as

B=Y7  Awpul and C=¥ o ... diviv],
where v; refers to the corresponding eigenvector for eigenvalue A;.

Theorem 1.2 The equality of (1.1) holds for G if and only if there exists a
permutation matrix P such that PA GPT satisfies the following conditions:

- PAGP" is partitioned into x(G) X x(G) blocks PAGP" = [(PAGPT)y1¥\2)
with (PAGPT)11, (PAGPT )22, .... (PAGPT)(6)x(c) being zero matrices;
- if the corresponding positive-eigen matrix B = B(PAgPT) and negative-

eigen matrix C = C(PA¢P") are expressed in the forms of

'3
(Jorers

where F, G, ... are suitably partftfoned matrices, then the modules of the
It column of F, G, ... are the same for any possible I;

- if B and C are partitioned into x(G) X x(G) blocks as the way PAgP"
does, then all the elements of the non-diagonal blocks of B is the fixed
negative multiple of the corresponding elements of the non-diagonal

blocks of C.

3. Main result

(1.1)

Lemma 2.1 For a bipartite graph G, if the vertices of G is numbered in a
way such that Ag = ( g'r g), where Z is a matrix, then if Ag has an

eigenvalue k, it will also have an eigenvalue —k.

Proof. By singular value decomposition, Z = UEVT. In such way, ZZ" =
UEE'U ., 2V Z =VEZVE,

T
Since A% = ( Zﬁ Z("'l Z)' if u; represents the i** column of U, v; represents
the it" column of V, a; represents the corresponding i** diagonal element

of 227 then
(2o (%)

Uu; _ Uu; Uu; _ Uu;
Ag (v;) =0 (vi)' Ag (—- v;) ==y (-—vi)‘
so the eigenvalues of adjacency matrix A; appear in pairs (k, —k). If Ag
has an eigenvalue k, it will also have an eigenvalue —k.

This implies,

Lemma 2.2 For a symmetric n-partite graph G, if the vertices of G is

numbered in a way such that
OMM M

MO M-M
AG = M M 0 i M ’
MMM -0
where M = M(A;) is the detail matrix of Ag, then the eigenvalues of Ag

+
. S . . i . .
satisfies sl o 1 if M is positive semidefinte.

Proof. Assume u; is the i*? eigenvector of M, and A; is the corresponding

it eigenvalue of M, then
OMM ---M

e M
M

M
M
M

T"XTXo X"XXoX"XXo

E'"EQE EH-EEEE".

i

0 —U; —U;
If M is positive semidefinite, then A; is non-negative for all i, which implies,
A o ((n — 1)2)°
s~ L1;>0 (—Ai)z+(—1£)2+ = (—fli)z

g

=n-—1.

Proof of Theorem 1.1 For any graph G, when we re-number its vertices,
the corresponding adjacency matrix will shift from A to PAgP”, where P
Is @ permutation matrix.
Since Ag and PAgP" are similar, their eigenvalues are the same. Thus, if
certain relationship for the eigenvalues of PAzPT holds, then the same
relationship will also hold for the eigenvalues of Ag.

If G is a bipartite graph, then according to Lemma 2.1, the eigenvalues
of PAgPT appear in pairs (k, —k). This implies, for Ag,

gt (A)? _ ” ST 5~
= Ezf}um' L@ =1emaxi = 7 )

If G is a symmetric n-partite graph with its detail matrix M = M(G)

+
being positive semidefinte, then according to Lemma 2.2, :—_ =n—1for

PA:PT. This implies, for Ag,
+ -
x(6) =1+ max{==}.
To conclude, the equality of (1.1) holds if G is a bipartite graph or a

symmetric n-partite graph with its detail matrix M = M(G) being positive
semidefinte.
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Lemma 2.3 For a real positive semidefinite matrix X = [X;;17 =4 =

F
(G) (FT G --), where F, G, ... are suitably partitioned matrices, it

satisfies

1X11 2 < r ¥, Xl 2 (2.1)
and equality holds if and only if the modules of the I** column of F, G, ...
are the same for any possible L.

Proof. The inequality in (2.1) can be proven by [1, Lemma 2.1] and [2, p.
209].
The only part that consists of inequality in [1, Lemma 2.1] is that, since X =

[Xi] =1 is real positive semidefinite, so is (x;’l X“ ), which satisfies
ij Xjj

-l 2 2
1Xy| 2 < ”Xii"”ij” < 1l :"Xf!" |

Thus, in order to prove our desired argument, we need to find the
condition that holds the equality of (2.2).

Xii Xif\ _ (D T T i partiti
Let (X';} Xff) = (E) (D" E"), where D and E are suitably partitioned

matrices, so

(2.2)

Xy=DD", X;; = EE", X;;=DE".
Let D = [dij]z}il,lf E= [35112}11,11 then
[Xiclgh = -1 dgrdng, [Xjjlgn = Efy €grens, [Xilgn =y dorens
We first focus on the first half of (2.2).
13]] 2 < Nxall [} 51,
E?‘:l 21::1 EE:l (dgfehf)z = J szf=1 z:7;1:1 E11;:1=1 (dgfdhf) EJ Z?:I E:;=1 E:=1 (egrens ¥

ELI (27;:1 (@i Trsi C1p)°) < J ZLI (Z;l [dz7)%)° JEL;{ (X @xr)? ).
This implies, with wg := $70 | (dgp)?, wr =X, _, (drp)?,

2?:1 uwy < Jzﬁﬂ uf sz;l w?. (2.3)

Since the equality of (2.3) holds if and only if ug = Awy, then the first half
equality of (2.2) holds if and only if uf = Awy.

We then focus on the second half of (2.1).

"Xii"“ij I < Xl E;rlleﬁ.

Since the equality of (2.4) holds if and only if || X;;]| = “Xﬂ”, then the
second half equality of (2.2) holds if and only if || X;;]|| = HX}-}-”.
That implies,

J 2;5:1 z:;1=1 E?:l (dyf dhf)z - J z:ji=1 ZE=1 22:1 (egr ehf)z:

k.2 _ ok 2
Dp1 UF = Dpoq WF-
Then we combine these two auxiliary results, which implies,
k .2_xwk 422
Lipoq Uf = Lpoq AUf,
A=1.
Therefore, the modules of the I™ column of D and E are the same for any

possible L.

Similar arguments hold for any i and j, so for a real positive
F

semidefinite matrix X = [X;]i ;=1 = (G) (FT G ---), the equality of (2.1)

(2.4)

holds if and only if the modules of thé I column of F, G, ... are the same
for any possible L.

Lemma 2.4 Let X = [X;;]; ;=1 and Y = [Y};]; ;=1 be two real positive
semidefinite matrices conformally partitioned. If the diagonal blocks of X
and Y coincide and XY =0, then

X1 2 < (r—=)IY|l 2 (2.5)
and the equality holds if and only if all the elements of the non-diagonal
blocks of X is the fixed negative multiple of the corresponding elements of
the non-diagonal blocks of Y.

Proof. The inequality in (2.5) can be proven by [1, Theorem 2.2].
The only part that consists of inequality in [1, Theorem 2.2] is that, for real
positive semidefinite matrices X and Y,

Sy Il 2 = = Ey XD < B XY < [ 15012 [ 1Y 2
(2.6)

Thus, in order to prove our desired argument, we need to find the
condition that holds the equality of (2.6).

mijinij

My,
Let X;; = [Xilaplg 11 Yij = [([Yijlan] g oy 1o then

~ S Zoy Z DoV o <[y Zit S50, (KT 5,0y T T30, 0T
(2.7)
Since the equality of (2.7) holds if and only if [X;;]ap = 0[Yj]ap Where i # j,
l1<as=my1<b=<ny o <0,theequality of (2.5) holds if and only if all
the elements of the non-diagonal blocks of X is the fixed negative multiple
of the corresponding elements of the non-diagonal blocks of Y.

Proof of Theorem 1.2 We first prove the necessity of Theorem 1.2.
According to Lemma 2.3, 2.4 and [1, Proof of Conjecture 1.1], for any
graph G, after its vertices being re-numbered and corresponding positive-
eigen matrix B = B(PA;PT) and negative-eigen matrix C = C(PA¢PT) being
suitably partitioned, if the aforementioned three conditions hold, then the
equalities of (2.1) and (2.5) will hold, resulting in that the equality of (1.1)
will hold.

We then prove the sufficiency of Theorem 1.2.
According to Lemma 2.3, 2.4 and [1, Proof of Conjecture 1.1], for any
graph G, if the equality of (1.1) holds, then the equalities of (2.1) and (2.5)
must hold. In such way, after the vertices of G being re-numbered and
corresponding positive-eigen matrix B = B(PA;P") and negative-eigen
matrix C = C(PA¢P") being suitably partitioned, the aforementioned three
conditions must hold.

To conclude, the equality of (1.1) holds for G if and only if there exists
a permutation matrix P such that PAgPT satisfies the following conditions:

- PAGP" is partitioned into ¥(G) X x(G) blocks PAgPT = [(PAGPT);1¥%),
with (PAgP") 11, (PAGP" )22, .... (PAGP") (6)x(c) being zero matrices;
- if the corresponding positive-eigen matrix B = B(PA-PT) and negative-

eigen matrix C = C(PA;PT) are expressed in the forms of

(a (FT GT )J'

where F, G, ... are suitably partitioned matrices, then the modules of the
[t" column of F, G, ... are the same for any possible [;

- if B and C are partitioned into y(G) X x(G) blocks as the way PA;P"
does, then all the elements of the non-diagonal blocks of B is the fixed
negative multiple of the corresponding elements of the non-diagonal

blocks of C.
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